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REVIEW OF DIFFERENTIAL CALCULUS

▪The equation 

means that as x gets closer to a (but not equal to a), the value of 
f(x) gets arbitrarily close to c.

▪A function f(x) is continuous at a point if

If f(x) is not continuous at x=a, we say that f(x) is discontinuous 
(or has a discontinuity) at a.



3

 

▪The derivative of a function f(x) at x = a (written f’(a)] is defined 
to be 

▪N-th order Taylor series expansion

▪The partial derivative of f(x1, x2,…xn) with respect to the 
variable xi is written
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INTRODUCTORY CONCEPTS

▪A general nonlinear programming problem (NLP) can be 
expressed as follows:

Find the values of decision variables x1, x2,…xn that

max   (or min) z = f(x1, x2,…,xn)
s.t.       g1(x1, x2,…,xn) (≤, =, or ≥)b1
s.t.       g2(x1, x2,…,xn) (≤, =, or ≥)b2

                                       .
                          .
                          .
           gm(x1, x2,…,xn) (≤, =, or ≥)bm
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▪As in linear programming f(x1, x2,…,xn) is the NLP’s objective 
function, and g1(x1, x2,…,xn) (≤, =, or ≥)b1,…gm(x1, x2,…,xn) (≤, 
=, or ≥)bm are the NLP’s constraints. 
▪An NLP with no constraints is an unconstrained NLP.

▪The feasible region for NLP above is the set of points (x1, 
x2,…,xn) that satisfy the m constraints in the NLP. A point in the 
feasible region is a feasible point, and a point that is not in the 
feasible region is an infeasible point.
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▪ If the NLP is a maximization problem then any point    in the 
feasible region for which f(  ) ≥ f(x) holds true for all points x in 
the feasible region is an optimal solution to the NLP. 

▪NLPs can be solved with LINGO.

▪Even if the feasible region for an NLP is a convex set, he optimal 
solution need not be a extreme point of the NLP’s feasible region.

▪For any NLP (maximization), a feasible point x = (x1,x2,…,xn) is a 
local maximum if for sufficiently small ∈, any feasible point x’ 
= (x’1,x’2,…,x’n) having | x1–x’1|< ∈(i = 1,2,…,n) satisfies f(x)
≥f(x’).
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EXAMPLE: TIRE PRODUCTION

▪Firerock produces rubber used for tires by combining three 
ingredients: rubber, oil, and carbon black. The costs for each are 
given.

▪The rubber used in automobile tires must have
▪ a hardness of between 25 and 35
▪ an elasticity of at 16
▪ a tensile strength of at least 12

▪To manufacture a set of four automobile tires, 100 pounds of 
product is needed.

▪The rubber to make a set of tires must contain between 25 and 60 
pounds of rubber and at least 50 pounds of carbon black.
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EX. - CONTINUED

▪Define:
R = pounds of rubber in mixture used to produce four tires
O = pounds of oil in mixture used to produce four tires
C = pounds of carbon black used to produce four tires

▪Statistical analysis has shown that the hardness, elasticity, and 
tensile strnegth of a 100-pound mixture of rubber, oil, and carbon 
black is

Tensile strength = 12.5 - .10(O) - .001(O)2

Elasticity = 17 - + .35R .04(O) - .002(O)2

Hardness = 34 + .10R + .06(O) -.3(C) + .001(R)(O) +.005(O)2+.001C2

▪Formulate the NLP whose solution will tell Firerock how to 
minimize the cost of producing the rubber product needed to 
manufacture a set of automobile tires.
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▪ It is easy to use the Excel Solver to solve NLPs.

▪The process is similar to a linear model.

▪For NLPs having multiple local optimal solutions, the Solver may 
fail to find the optimal solution because it may pick a local 
extremum that is not a global extremum.
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CONVEX AND CONCAVE FUNCTIONS

▪A function f(x1, x2,…,xn) is a convex function on a convex set S if 
for any x’ ∈ s
and xn ∈ s 

f [cx’+(1- c)xn] ≤ cf(x’)+(1-c)f(xn)

holds for 0 ≤ c ≤ 1.

▪A function f(x1, x2,…,xn) is a concave function on a convex set S 
if for any x’ ∈ s and xn ∈ s 

f [cx’+(1- c)xn] ≥ cf(x’)+(1-c)f(xn)

holds for 0 ≤ c ≤ 1.
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▪Theorems - Consider a general NLP.
▪ Suppose the feasible region S for NLP is a convex set. If f(x) is 

concave on S, then any local maximum (minimum) for the NLP is an 
optimal solution to the NLP.
▪ Suppose fn(x) exists for all x in a convex set S. Then f(x) is a convex 

(concave) function of S if and only if fn(x) ≥ 0[fn(x) ≤ 0] for all x in S.
▪ Suppose f(x1, x2,…, xn) has continuous second-order partial derivatives 

for each point x=(x1, x2,…, xn) ∈ S. Then f(x1, x2,…, xn) is a convex 
function on S if and only if for each x ∈ S, all principal minors of H 
are non-negative.
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▪ Suppose f(x1, x2,…, xn) has continuous second-order partial derivatives 
for each point x=(x1, x2,…, xn) ∈ S. Then f(x1, x2,…, xn) is a concave 
function on S if and only if for each x ∈ S and k=1, 2,…n, all nonzero 
principal minors have the same sign as (-1)k.

▪The Hessian of f(x1, x2,…, xn) is the n x n matrix whose ijth entry 
is

▪An ith principal minor of an n x n matrix is the determinant of 
any i x i matrix obtained by deleting n – i rows and the 
corresponding n – i columns of the matrix.
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▪The kth leading principal minor of an n x n matrix is the 
determinant of the k x k matrix obtained by deleting the last n-k 
rose and columns of the matrix.
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SOLVING NLPS WITH ONE VARIABLE

▪Solving the NLP

▪To find the optimal solution for the NLP find all the local maxima 
(or minima).

▪A point that is a local maximum or a local minimum for the NLP 
is called a local extremum.

▪The optimal solution is the local maximum (or minimum) having 
the largest (or smallest) value of f(x).
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▪There are three types of points for which the NLP can have a 
local maximum or minimum (these points are often called 
extremum candidates).
▪ Points where a < x < b, f’(x) = 0 [called a stationary point of f(x).
▪ Points where f’(x) does not exist
▪ Endpoints a and b of the interval [a,b]
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PROFIT MAXIMIZATION BY 
MONOPOLIST

▪ It costs a monopolist $5/unit to produce a product.

▪ If he produces x units of the product, then each can be sold for 
10-x dollars.

▪To maximize profit, how much should the monopolist produce.
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SOLUTION

▪The monopolist wants to solve the NLP

▪The extremum candidates can be classified as
▪ Case 1 check tells us x=2.5 is a local maximum yielding a profit 

P(2.5)=6.25.
▪ P’(x) exists for all points in [0,10], so there are no Case 2 candidates.
▪ A =0 has P’(0) = 5 > 0 so a=0 is a local minimum; b=10 has 

P’(10)=-15<0, so b = 10 is a local minimum
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▪Demand is often modeled as a linear function of price.

▪Profit is a concave function of price and Solver should fine the 
profit maximizing price.
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▪Solving one variable NLPs with LINGO
▪ If you are maximizing a concave objective function f(x), then you can 

be certain that LINGO will find the optimal solution to the NLP

▪ If you are minimizing a convex objective function, then you know that 
LINGO will find the optimal solution to the NLP
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▪Trying to minimize a nonconvex function or maximize a 
nonconcave function of a one variable NLP then LINGO may 
find a local extremum that does not solve the NLP.
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GOLDEN SECTION SEARCH
▪The Golden Section Method can be used if the function is a 

unimodal function. 

▪A function f(x) is unimodel on [a,b] if for some point      on [a,b], 
f(x) is strictly increasing on [a,  b ] and strictly decreasing on
[a , b].

▪The optimal solution of the NLP is some point on the interval [a,b]. 
By evaluating f(x) at two points x1 and x2 on [a,b], we may reduce 
the size of the interval in which the solution to the NLP must lie.
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▪After evaluating f(x1) and f(x2), one of these cases must occur. It 
can be shown in each case that the optimal solution will lie in a 
subset of [a,b].
▪ Case 1 - f(x1) < f(x2) and
▪ Case 2 - f(x1) = f(x2) and 
▪ Case 2 - f(x1) > f(x2) and 

▪The interval in which x-bar must lie – either [a,x2) or (x1, b] - is 
called the interval of uncertainty.
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▪Many search algorithms use these ideas to reduce the interval of 
uncertainty. Most of these algorithms proceed as follows:
▪ Begin with the region of uncertainty for x being [a,b]. Evaluate f(x) at 

two judiciously chosen points x1 and x2.
▪ Determine which of cases 1-3 holds, and find a reduced interval of 

uncertainty.
▪ Evaluate f(x) at two new points (the algorithm specifies how the two 

new points are chosen). Return to step 2 unless the length of the 
interval of uncertainty is sufficiently small.

▪Spreadsheets can be used to conduct golden section search.
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UNCONSTRAINED MAXIMIZATION 
AND MINIMIZATION WITH SEVERAL 
VARIABLES

▪Consider this unconstrained NLP

▪These theorems provide the basics of unconstrained NLP’s that 
may have two or more decision variables.  
▪ If      is a local extremum for the NLP then         =0.
▪ A point     having          = 0 for i = 1, 2,…,n is called a stationary point of 

f.
▪ If Hk(   ) > 0,k=1,2,…,n, then a stationary point          is a local 

minimum for unconstrained NLP  .
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▪ If, for k=1,2,…,n, Hk (   ) is nonzero and has the same sign as (-1)k, 
then a stationary point      is a local maximum for the unconstrained 
NLP.
▪ If Hn(    ) ≠ 0 and the conditions of the previous two theorems do not 

hold, then a stationary point        is not a local extremum.

▪LINGO will find the optimal solution if used to solve maximizing 
concave function or minimizing a convex function problems.
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THE METHOD OF STEEPEST ASCENT

▪The method of steepest ascent can be used to approximate a 
function’s stationary point.

▪Given a vector x = (x1, x2,…, xn) ∈ Rn, the length of x (written 
||x||) is

▪For any vector x, the unit vector x/||x|| is called the normalized 
version of x.

▪Consider a function f(x1, x2,…xn), all of whose partial derivatives 
exist at every point.

▪A gradient vector for f(x1, x2,…xn), written ∇f(x), is given by
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▪Suppose we are at a point v and we move from v a small distance 
δ in a direction d. Then for a given δ, the maximal increase in the 
value of f(x1, x2,…,xn) will occur if we choose

▪ If we move a small distance away from v and we want f(x1, x2, 
…,xn) to increase as quickly as possible, then we should move in 
the direction of ∇f(v)
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LAGRANGE MULTIPLIERS

▪Lagrange multipliers can be used to solve NLPs in which all the 
constraints are equality constraints.

▪Consider NLPs of the following type:

▪To solve the NLP, associate a multiplier λi with the ith constraint in 
the NLP and form the Lagrangian
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for which the points                                      for which

▪The Lagrange multipliers λi  can be used in sensitivity analysis.
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THE KUHN-TUCKER 
CONDITIONS

▪The Kuhn-Tucker conditions are used to solve NLPs of the 
following type:

▪The Kuhn-Tucker conditions  are necessary for a point                   
to solve the NLP.
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▪Suppose the NLP is a maximization problem.  If
is an optimal solution to NLP, then                         must satisfy 
the m constraints in the NLP, and there must exist multipliers λ1, 
λ2, …, λm satisfying 
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▪Suppose the NLP is a minimization problem.  If
 is an optimal solution to NLP, then                                must 
satisfy the m constraints in the NLP, and there must exist 
multipliers λ1, λ2, …, λm satisfying 
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▪Unless a constraint qualification or regularity condition is 
satisfied at an optimal point     , the Kuhn-Tucker conditions may 
fail to hold 
at    .  

▪LINGO can be used to solve NLPs with inequality (and possibly 
equality) constraints.

▪ If LINGO displays the message DUAL 
CONDITIONS:SATISFIED then you know it has found the point 
satisfying the Kuhn-Tucker conditions.
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QUADRATIC PROGRAMMING

▪A quadratic programming problem (QPP) is an NLP in which 
each term in the objective function is of degree 2,1, or 0 and all 
constraints are linear.

▪LINGO, Excel and Wolfe’s method (a modified version of the 
two-phase simplex) may be used to solve QPP problems.

▪ In practice, the method of complementary pivoting is most often 
used to solve QPPs.
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SEPARABLE PROGRAMMING.

▪Many NLPs are of the following form:

▪They are called seperable programming problems that are often 
solved by approximating each fj(x) and gij(xj) by a piecewise 
linear function.
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▪To approximate the optimal solution to a separate programming 
problem, solve the following approximation problem

▪For the approximation problem to yield a good approximation to 
the functions fi and gj,k, we must add the following adjacency 
assumption: For j=1,2,…,n, at most two δj,k’s can be positive.
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THE METHOD OF FEASIBLE 
DIRECTIONS

▪This method takes the steepest ascent method of section 12.7 into 
a case where the NLP now has linear constraints.  

▪To solve

begin with a feasible solution x0. Let d0 be a solution to
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▪Choose our new point x1 to be x1 = x0+t0(d

0-x0), where t0 solves

Let d1 be a solution to

▪Choose our new point x2 to be x2 = x1 + t1(d
1-x1), where t1 solves
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▪Continue generating points x3,…,xk in this fashion until xk=xk-1 or 
successive points are sufficiently close together.
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PARETO OPTIMALITY AND TRADE-OFF 
CURVES

▪A solution (call it A) to a multiple-objective problem is Pareto 
optimal if no other feasible solution is at least as good as A with 
respect to every objective and strictly better than A with respect to 
at least one objective.

▪A feasible solution B dominates a feasible solution A to a 
multiple objective problem if B is at least as good as A with 
respect to every objective and is strictly better than A with respect 
to at least one objective.

▪The graph of “scores” of all Pareto optimal solutions, the graph is 
often called an efficient frontier or a trade-off curve.
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▪The procedure used to construct a trade-off curve between two 
objectives may be summarized as follows:
▪ Step 1: Choose an objective and determine its best attainable value v1. 

For the solution attaining v1, find the vale of objective 2, v2. Then (v1, v2) 
is a point on the trade-off curve.
▪ Step 2: For values v of objective 2 that are better than v2, solve the 

optimization problem in step 1 with the additional constraint that the 
value of objective 2 is at least as good as v. Varying v will give you 
other points on the trade-off curve.
▪ Step 1 obtained one endpoint of the trade-off curve. If we determine the 

best value of objective 2 that can be attained the other endpoint of the 
curve is obtained.
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OPTIMISATION AND 
OPTIMAL CONTROL

AIM

To provide an understanding of the 
principles of optimisation 
techniques in the static and dynamic 
contexts.
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PRINCIPLES OF OPTIMISATION 

Typical engineering problem: You have a process that can 
be represented by a mathematical model. You also have a 
performance criterion such as minimum cost. The goal of 
optimisation is to find the values of the variables in the 
process that yield the best value of the performance 
criterion.

     Two ingredients of an optimisation problem:

(i) process or model

(ii)performance criterion



44

Some typical performance criteria:
∙        maximum profit
∙        minimum cost
∙        minimum effort
∙        minimum error
∙        minimum waste
∙        maximum throughput
∙        best product quality
 Note the need to express the performance 
criterion in mathematical form.



45

Static optimisation:  variables have 
numerical values, fixed with 
respect to time.

Dynamic optimisation: variables 
are functions of time.
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ESSENTIAL FEATURES

Every optimisation problem contains three 
essential categories:

1.        At least one objective function to be 
optimised

2.        Equality constraints

3.        Inequality constraints
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By a feasible solution we mean a set of variables which satisfy 
categories 2 and 3. The region of feasible solutions is called the 
feasible region. 

fea
sib

le 
reg

ion

linear
inequality
constraint

linear
equality
constraint

nonlinear
inequality
constraint

nonlinear
inequality
constraints

x2

x1linear inequality constraint
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An optimal solution is a set of values of the 
variables that are contained in the feasible 
region and also provide the best value of the 
objective function in category 1.

For a meaningful optimisation problem the 
model needs to be underdetermined.
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MATHEMATICAL DESCRIPTION
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STEPS USED TO SOLVE OPTIMISATION PROBLEMS

1. Analyse the process in order to make a list of all the variables.
2. Determine the optimisation criterion and specify the objective function.
3. Develop the mathematical model of the process to define the equality and 

inequality constraints. Identify the independent and dependent variables to 
obtain the number of degrees of freedom.

4. If the problem formulation is too large or complex simplify it if possible.
5. Apply a suitable optimisation technique.
6. Check the result and examine it’s sensitivity to changes in model parameters 

and assumptions.
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CLASSIFICATION OF 
OPTIMISATION PROBLEMS

Properties of f(x)
∙    single variable or multivariable
∙    linear or nonlinear
∙    sum of squares
∙    quadratic
∙    smooth or non-smooth
∙    sparsity
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Properties of h(x) and g(x)
∙        simple bounds
∙        smooth or non-smooth
∙        sparsity
∙        linear or nonlinear
∙        no constraints
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Properties of variables x
•time variant or invariant
•continuous or discrete
•take only integer values
•mixed 
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OBSTACLES AND DIFFICULTIES 

• Objective function and/or the constraint functions may have 
finite discontinuities in the continuous parameter values.

• Objective function and/or the constraint functions may be 
non-linear functions of the variables.

• Objective function and/or the constraint functions may be 
defined in terms of complicated interactions of the variables. 
This may prevent calculation of unique values of the variables 
at the optimum.
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• Objective function and/or the constraint functions 
may exhibit nearly “flat” behaviour for some ranges of 
variables or exponential behaviour for other ranges. 
This causes the problem to be insensitive, or too 
sensitive.

• The problem may exhibit many local optima whereas 
the global optimum is sought. A solution may be 
obtained that is less satisfactory than another solution 
elsewhere.

• Absence of a feasible region.

• Model-reality differences. 
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TYPICAL EXAMPLES OF APPLICATION 
static optimisation 

• Plant design (sizing and layout).
• Operation (best steady-state operating condition).
• Parameter estimation (model fitting).
• Allocation of resources.
• Choice of controller parameters (e.g. gains, time 
constants) to minimise a given performance index (e.g. 
overshoot, settling time, integral of error squared). 



dynamic optimisation 

• Determination of a control signal u(t) to 
transfer a dynamic system from an initial 
state to a desired final state to satisfy a 
given performance index.

• Optimal plant start-up and/or shut down.

• Minimum time problems 
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BASIC PRINCIPLES OF STATIC 
OPTIMISATION THEORY

Continuity of Functions
Functions containing discontinuities can cause difficulty in 
solving optimisation problems.

Definition: A function of a single variable x is 
continuous at a point xo if:
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If f(x) is continuous at every point in a region R, 
then f(x) is said to be continuous throughout R.

x

f(x)

x

f(x)

f(x) is discontinuous.

f(x) is continuous, but
is not.
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UNIMODAL AND MULTIMODAL FUNCTIONS
A unimodal function f(x) (in the range specified for 
x) has a single extremum (minimum or maximum).

A multimodal function f(x) has two or more 
extrema.

There is a distinction between the global 
extremum (the biggest or smallest between a set 
of extrema) and local extrema (any extremum). 
Note: many numerical
procedures terminate at a local extremum.

at the extremum, the point is
called a stationary point.
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f(x)

x

local max (stationary)

local min (stationary)

global max (not stationary)

stationary point
(saddle point)

global min (stationary)

A multimodal function
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MULTIVARIATE FUNCTIONS - 
SURFACE AND CONTOUR PLOTS

62

We shall be concerned with basic properties of a scalar 
function f(x) of n variables (x1,...,xn).

If n = 1, f(x) is a univariate function
If n > 1, f(x) is a multivariate function.

For any multivariate function, the equation
z = f(x) defines a surface in n+1 dimensional space       
.
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In the case n = 2, the points z = f(x1,x2) represent a 
three dimensional surface.
 
Let c be a particular value of f(x1,x2). Then f(x1,x2) 
= c defines a curve in x1 and x2 on the plane z = c.

If we consider a selection of different values of c, 
we obtain a family of curves which provide a 
contour map of the function z = f(x1,x2).
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contour map of

x2
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1.0

1.7

1.8 2

3 4 5
6 z = 20
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local minimum

saddle point



65

EXAMPLE: SURFACE AND 
CONTOUR PLOTS OF “PEAKS” 
FUNCTION

65
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multimodal!

x1

x2

global max

global min

local min

local max

local max

saddle
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OPTIMIZATION 
SIMULATED ANNEALING
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OPTIMIZATION

It is a selection of best element (with regard to 
some  criteria) from some set of available 
alternatives.
In the simplest case, an optimization problem consist  
of maximizing or minimizing a real function by  
choosing input values from within an allowed set 
and  computing the value of function.
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SIMULATED ANNEALING

Simulated annealing (SA) is a random-search  technique which 
exploits an analogy between the way  in which a metal cools 
and freezes into a minimum  energy crystalline structure (the 
annealing process)  and the search for a minimum in a more 
general  system; it forms the basis of an optimisation  
technique for combinatorial and other problems.
The name and inspiration come from annealing in  
metallurgy.
Simulated annealing was developed in 1983 to deal  with 
highly nonlinear problems.
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OTHER NAMES

Monte Carlo Annealing
Statistical Cooling
Probabilistic Hill Climbing
Stochastic Relaxation
Probabilistic Exchange Algorithm
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MOTIVATION

Annealing in metals.
Heat the solid state metal to a high temperature.
Cool it down very slowly according to a specific  
schedule.

If the heating temperature is sufficiently high to  ensure 
random state and the cooling process is slow  enough to 
ensure thermal equilibrium, then the atoms  will place 
themselves in a pattern that corresponds to  the global energy 
minimum of a perfect crystal.
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METHOD

Step 1: Initialize – Start with a random initial  
placement. Initialize a very high “temperature”.
Step 2: Move – Perturb the placement through a  
defined move.
Step 3: Calculate score – calculate the change in 
the  score due to the move made.
Step 4: Choose – Depending on the change in score,
accept or reject the move. The prob of acceptance  
depending on the current “temperature”.
Step 5: Update and repeat– Update the temperature  
value by lowering the temperature. Go back to Step 2.
The process is done until “Freezing Point” is reached.



74

COOLING SCHEDULE
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HILL CLIMBING

HILL CLIMBING

HILL CLIMBING

HILL CLIMBINGC
O

S
T 
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NUMBER OF ITERATIONS

AT INIT_TEMP

AT FINAL_TEMP

Move accepted with  
probability
= e-(^C/temp)

Unconditional Acceptance
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CASE STUDY

The wide utilization of heat exchangers in industrial  
processes, their cost minimization is an important  target for 
both designers and users.
Traditional design approaches are based on iterative  
procedures which gradually change the design and  geometric 
parameters to satisfy a given heat duty and  constraints.
The present study explores the use of non-traditional  
optimization technique called simulated annealing.
The SA approach is able to reduce the total cost of the  heat 
exchanger .
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APPLICATION

Circuit partitioning and placement.
Strategy scheduling for capital products with complex  
product structure.
Umpire scheduling in US Open Tennis tournament!
Event-based learning situations.
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HOW TO COPE WITH  
DISADVANTAGES

Repeat algorithm many times with different initial  
configurations
Use information gathered in previous runs
Use a more complex Generation Function to jump out  
of local optimum
Use a more complex Evaluation Criterion that accepts  
sometimes (randomly) also solutions away from the  
(local) optimum



GENETIC 
ALGORITHM



❖ GENETIC ALGORITHM

▣ A genetic algorithm (or short GA) is a  
search technique used in computing to  
find true or approximate solutions to  
optimization and search problems.

▣ Genetic algorithms are categorized as  
global search heuristics.

▣ Genetic algorithms are a particular class  
of evolutionary algorithms.



❖ HISTORY
❑ Based onthe mechanics of

biological  evolution
❑ Initiallydeveloped byJohnHolland,  

University of Michigan (1970’s)
❑ These algorithms are

now
usedbya

majority of Fortune 500 companies to  
solve difficult scheduling, data fitting,  
trend spotting and budgeting problems,  
and virtually any other type of  
combinatorial optimization problem.



Biological Evolution:
Organisms produce a number of offspring  
similar to themselves but can have 
variations  due to:
–Mutations(random changes)



83

G A PROCEDURE
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PROBLEMS DOMAIN

▪Problems which appear to be particularly appropriate 
for solution by genetic algorithms include timetabling 
and scheduling problems, and many scheduling 
software packages are based on GAs. GAs have also 
been applied to engineering Genetic algorithms are 
often applied as an approach to solve global 
optimization problems.
As a general rule of thumb genetic algorithms might be 
useful in problem domains that have a complex fitness 
landscape as recombination is designed to move the 
population away from local optima that a traditional hill 
climbing algorithm might get stuck in.
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WHAT DO WE MEAN BY 
GENETIC
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IT IS A SEARCH TECHNIQUE



❖ Applications :
▣ Automated design of mechatronic  systems 

using bond graphs and genetic  programming 
(NSF).

▣ Code-breaking, using the GA to search  
large solution spaces of ciphers for the  one 
correct decryption.

▣ Design of water distribution systems.
▣ Distributed computer network  

topologies.
▣ Electronic circuit design, known as
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APPLICATION
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GENETIC ALGORITHM 
PRESENTING

Generation Cycle



90

THE WEAKEST CANDIDATES



❖ Advantages :

A GA has a number of advantages.
❑ It can quickly scan a vast solution set.
❑ Bad proposals do not effect the 

end  solution negatively as they are 
simply  discarded.

❑ The inductive nature of the GA means that 
it  doesn't have to know any rules of the  
problem - it works by its own internal rules.

❑ This is very useful for complex or loosely  
defined problems.



❖ Disadvantages :

▣ A practical disadvantage of the genetic  
algorithm involves longer running times  
on the computer.Fortunately, this  
disadvantage continues to be minimized  
by the ever-increasing processing 
speeds  of today's computers.



STATIC AND DYNAMIC 
OPTIMIZATION
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INTERTEMPORAL 
OPTIMIZATION

▪The optimization that takes into consideration the  
various operating conditions that a system  
encounters or is expected to encounter throughout  
its life time and determines the mode of operation  at 
each instant of time that results in the overall  
minimum or maximum of the general objective  
function.
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Static Dynamic

The values of variables  
are requested that give  
minimum or maximum 

to  an objective function.

OPTIMIZATION PROBLEMS

The variables as functions  
of time are requested  
that give minimum or  

maximum to an objective  
function.

mininimize f (x)
x

mininimize J[y(t)]
y(t )
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Discrete

Solution:
a sequence of optimal  

decisions in discrete time  
over the planning period  

or planning horizon.

DEPENDENCE ON 
TIME

Continuous

Solution:
a time path or curve of  

optimal decisions in  
continuous time over 

the  planning period or  
planning horizon.

OPTIMIZATION PROBLEMS
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INTERTEMPORAL STATIC (OR PSEUDO-DYNAMIC) 
OPTIMIZATION:

Example: Operation optimization of an energy 
system  under time-varying conditions, if the period 
of  operation can be decomposed in a series of time  
intervals with steady-state operation in each 
interval,  independent of each other.

The initial problem is transformed into a series 
of  static optimization problems.
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Intertemporal dynamic 
optimization:

Direct or indirect 
interdependency  among the 
modes of operation.
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2. LEVELS OF ENERGY SYSTEMS 
OPTIMIZATION

A. Synthesis: components and their
interconnections.

B. Design: technical characteristics of  
components and properties of  
substances at the nominal 
(design)  point.

C. Operation: operating properties of
components and substances.

The three inter-related  levels of 
optimization.
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The complete optimization problem stated as 
a  question:

What is the synthesis of the system, the design  
characteristics of the components and the 
operating  strategy that lead to an overall 
optimum?



101

minimize f (x)
x

x = (x1, x2, … , xn)
with respect to:

subject to the 
constraints:

hi (x) = 0 i = 1, 2, … , m

g j (x) ≤ 0 j = 1, 2, …, p

x set of independent variables,

f (x) objective function,

hi (x) equality constraint functions,
g j (x) inequality constraint functions.

(1)

(3)

(2)

(4)

3. Formulation and Solution Methods of the Static Optimization Problem

1. Mathematical Statement of the Static Optimization 

Problem  Mathematical formulation of the optimization 

problem
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3.1 Mathematical Statement of the Static Optimization Problem

Alternative expression:

min f (v, w, 
z)
v, w, z

Design optimization:

Operation 
optimization:

v, w
min fd (v, 
w)

v
min fop 
(v)

(1)'

x ≡ (v, w, z) (5)

v. set of independent variables for operation 
optimization,

w. set of independent variables for design optimization,
z set of independent variables for synthesis optimization.

(1)d

(1)op
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FORMULATION AND SOLUTION METHODS 
OF THE STATIC OPTIMIZATION PROBLEM

3.2 Objective Functions

Examples of Objective Functions:

• minimization of weight of the system,
• minimization of size of the system,
• maximization of efficiency,
• minimization of fuel consumption,
• minimization of exergy destruction,
• maximization of the net power density,
• minimization of emitted pollutants,
• minimization of life cycle cost (LCC) of the 

system,
• maximization of the internal rate of return (IRR),
• minimization of the payback period (PBP),
• etc.
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OBJECTIVE 
FUNCTIONS

Multiobjective optimization:

An attempt to take two or more objectives 
into  consideration simultaneously.



105

PARAMETERS 
AND 
VARIABLES

Parameters:
Quantities that keep a constant value during optimization.

Independent variables:
Their values do not depend on other variables.

Dependent variables:
Their values depend on the values of other variables.
The number of dependent variables is equal to the number
of equality constraints.
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METHODS FOR SOLUTION OF 
THE STATIC OPTIMIZATION 
PROBLEM

(ii)

(i) Search methods: They calculate the values of the  
objective function at a number of combinations of  
values of the independent variables and seek for 
the  optimum point. They do not use derivatives.

Calculus methods: They use first and (some of 
them)  second derivatives; this is why they are 
called also  gradient methods.

(iii) Stochastic or Evolutionary methods: Methods and  
algorithms such as Genetic Algorithms (GA), 
Simulating  Annealing (SA), Particle Swarm 
Optimization (PSO),  Neural Networks belong to this 
category.
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Two of the most successful methods for optimization of
energy systems:
• Generalized Reduced Gradient (GRG)
• Sequential Quadratic Programming (SQP).

Also a combination of a stochastic algorithm (e.g. GA, 
PSO)  with a deterministic algorithm (e.g. GRG, SQP).
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z(t ),y(t ),u(t ),t f ,w
mininimize J[z(t f ), y(t f ),u(t f ),t f , w]

subject to:

Initial conditions: z(0) = z0

Point  
conditions:

Bounds:

Ps (z(ts ), y(ts ),u(ts ),ts , w) = 0,
ts ∈[t0 ,t f  ]

zL ≤ z(t) ≤ zU  

yL ≤ y(t) ≤ yU  

uL  ≤ u(t) ≤ uU  

wL ≤ w ≤ wU

t f 
L  ≤ t f   ≤ t f 

U

J scalar objective 
functionalH differential-algebraic equality  

constraints
G differential-algebraic inequality

constraints
Ps additional point conditions at  

times ts (including tf)
z differential state profile 
vector
z0 initial values of z(t)
y algebraic state profile vector
u control (independent 

variables)  profile vector
w time-independent variable

vector
tf final time

OBJECTIVE FUNCTION 
(MAYER FORM):

H(z(t), z(t), y(t),u(t),t, w) = 0
G(z(t), z(t), y(t),u(t),t, w) ≤ 0



Solution Approaches

Indirect Methods Direct Methods

Dynamic
Programming

Calculus of
Variations

Simultaneous
Methods

Sequential
Methods

Discretization  
of the control  

variables

Discretization of  
both control and  
state variables

Solution methods



Ncol

L
⎛ t − ti−1 

⎞
⎟ui,kk =1 ⎝ i ⎠ui (t) = ∑ψ k ⎜

Discretization can be: Constant  
Linear  
Polynomia
l
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