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ACYCLIC DISTANCE 2 DOMINATION NUMBER OF A GRAPH
N. Saradha
Department of Mathematics, SCSVMV

Abstract

A distance-2 dominating set DSV of a graph G is a acyclic distance-2 dominating set
if the induced sub graph <V-D> is a acyclic. The acyclic distance-2 dominating number is the
minimum cardinality of a acyclic distance-2 dominating set. In this paper, we defined the notion
of acyclic distance - 2 domination in graph. We got many bounds on acyclic distance - 2
domination number. Exact values of this new parameter are obtained for some standard graphs.

Nordhaus - Gaddum type results are also obtained for this new parameter.

Key words: Distance k-domination, Distance 2-domination, Acylic domination, Split distance

2-Domination, Non split distance 2-domination

1. Introduction

All graphs considered here are simple, finite, connected and undirected. Let n and m denote
the order and size of a graph G. We use the terminology of [6]. Let A (( §)) denote the maximum
(minimum) degree and | |([ ]) the greatest (least) integer less (greater) than or equal to x. The
concept of domination in graphs was introduced by Ore[2]. A set D € V(G) is said to be a
dominating set of G, if every vertex in V(G)\D is adjacent to some vertex in D. The cardinality
of a minimum dominating set in G is called the domination number of G and is denoted by
v(G). The problem of finding a minimal distance k-dominating set was considered by Slater[§]
with special reference to communication networks while the distance k-dominating set was
defined by Henning et al.[7]. For an integer k > 1, a set D € V(G) is a distance k-dominating
set of G, if every vertex in V(G)\D is within distance k from some vertex v € D. The minimum
cardinality among all distance k-dominating sets of G is called the distance k-domination
number of G and is denoted by yx(G). The minimal distance - 2 dominating set in a graph G is
a distance - 2 dominating set that contains no distance - 2 dominating set as a proper subset.
The distance - 2 open neighborhood of a vertex v € V is the set, (N<,(v) ), of vertices within
a distance of two from ( v). A distance - 2 dominating set of a graph G is a split distance - 2
dominating set if the induced sub graph < V-D > is disconnected. The split distance - 2
domination number ys<,(G) is the minimum cardinality of a minimal split distance - 2

dominating set. A distance -2 dominating set D < V of a graph G is a non-split distance -2
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dominating set if the induced sub graph is connected. The non-split distance -2 domination
number Y ns<2(G) is the minimum cardinality of a nonsplit distance -2 dominating set. A set
S € V (G) is called an acyclic set if G[S] contains no cycles. The concept of acyclic domination
was 1 ntroduced by Hedetniemi et al. [15]. Aset S €V (G) is called an acyclic dominating set
of G if it is both acyclic and dominating. The minimum cardinality of an acyclic dominating

set in a graph G is called the acyclic domination number of G, denoted by ya(G).

2. Acyclic Distance 2-Domination

Definition 2.1 A distance-2 dominating set DSV of a graph G is a acyclic distance-2
dominating set if the induced sub graph <V-D> is a acyclic. The acyclic distance-2 dominating
number is the minimum cardinality of acyclic distance-2 dominating set and is denoted by

Yas<2 (G) .
Definition 2.2 The minimal acyclic distance-2 dominating set in a graph G is acyclic distance-

2 dominating set that contains no acyclic distance-2 dominating set as a proper subset.

Example 2.3
! 5
0
2 4 6
Figure 2.1 0
0 7
3 Example of Acyclic

Distance 2-Domination

Here D={4} , <V-D>={1,2,3,5,6,7}
Ya<2 (G) =1
Observation 2.4

1. For any path Py, for n>2

2. For any cycle C,, for n=3
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Va<2(Cy)= {E—‘

5

3. For any complete graph K,, for n>3

7a£2(Kn)=n_2
4. For any star graph Kim, for m>1

Ya<2 (Kl,m) =1
5. For any wheel graph Wy, for n>2
}’aSZ(Wn):z
6. For any friendship graph F,, for n>2
}’aSZ(Fn):l
7. For any complete bipartite graph Kmn, for m <n; n,m >1
Va2 (Kn,m):m- 1

Theorem 2.5 For any graph G, y<2(G) < ya<2(G)
Proof
Every acyclic distance-2 dominating set of G is a distance-2 dominating set of G,
We have y<2(G)<y.<2(G)
Theorem 2.6 For any graph G, ya<2(G)<ya (G)
Proof
Every acyclic dominating set of G is a acyclic distance-2 dominating set of G,
We have ya<2(G)<ya(G)
Proposition 2.7
For any graph G,
Ta<2(G)= 1us<2(G)=7s<2(G) =7s(G)=y(G)=y<2(G) if and only if G is a star graph Kim for m>1.
Proposition 2.8
For any graph G,
Ta<2(G)=7s<2(G)=ys(G)=y(G)=y<2(G) if and only if G is a friendship graph Fi.

Theorem 2.9 For any graph G, ya<2(G)=P-A(G) if and only if G is a star graph K| m for m>1,
where p is number of vertices.

Theorem 2.10 Let G be any connected graph of order greater than or equal to 3, then
fa<2(G)<n-1 , where n is the number of vertices.

Theorem 2.12 For any graph G, ya<2(G)<n-A(G)
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Theorem 2.13 For any tree Tn, ya<2 (G)<n-p where n is number of vertices and P is number of
end vertices.

Note 2.14 For any tree Ty , which is a star graph

fa<2 (G)=n-p where n is number of vertices and P is number of end vertices.

Nordhas - Gaddum Type Results

Theorem 2.15 Let G be a graph such that G and G have no isolates. Then ,
ta=2(G)+ya=2(G)<2(n-1)

ta=2(G).ya<2(G)<(n-1)?

Proof

The results follow from Theorem 2.10.

3. Conclusion In general, the concept of dominating sets in graph theory finds wide
applications in different types of communication networks. Identification of a dominating set,
which is fault tolerant, will be useful in the central location theory. Thus in this paper, we
defined the notion of acyclic distance - 2 domination in graphs. We obtained many bounds on
acyclic distance - 2 domination number. Exact values of this new parameter are obtained for
some standard graphs. Nordhaus - Gaddum type results are also obtained for this new

parameter. They play very vital role in Coding theory, Computer science, Operations Research,

Switching Circuits, and Signal Processing Electrical Networks etc.
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This paper is a revised and expanded version of a paper entitled
‘M /G /1 queue with unreliable server and with Bernoulli vacation’
presented at 8th International Conference on Mathematics and Computing
(ICMC-2022), VIT, Vellore, Tamil Nadu, India, 6-8 January 2022.

1 Introduction

Several researchers have studied queueing systems with batch arrival and general batch
service. The essential fundamentals of bulk queues are explained in Chaudhry and
Templeton (1983). Finite capacity queue, general service with batches and queue length
dependent service rates has been analysed by Gupta and Banerjee (2018). An infinite
buffer queueing system with versatile bulk-service rule under batch-size-dependent
service policy has been studied by Pradhan (2020).

The vacation policies are studied for the purpose of effective utilisation of the
server’s idle time for secondary jobs. It is well known that the queues with vacation are
more important in day to day life. Heavy traffic situations encountered in computers,
communication, manufacturing, and production systems are modelled as queueing
systems with vacation. The batch arrival general service queue with server vacation has
been analysed in detail by Baba (1986). A batch arrival general service queue with
balking, startup and with vacation has been analysed in detail by Nithya and Haridass
(2020). A batch arrival queue with random vacation policy and with heterogeneous
repeated services has been studied by Kalita and Choudhury (2021). The vacation
queueing models have been analysed by several researchers (Baba and Dshalalow, 1986;
Ke, 2007; Jain and Upadhyaya, 2009; Balasubramanian and Arumuganathan, 2011;
Jeyakumar and Senthilnathan, 2016; Kumar et al., 2021).

In everyday life, people can easily see the occurrences of server breakdowns for
different reasons. So the queuing models which incorporate the assumption of server
breakdown are most suitable for the real-life scenario. A survey on queues with
interruption has been done by Krishnamoorthy et al. (2014). An extensive analysis
of a batch arrivals queue with general retrial time, breakdowns, repairs and reserved
time has been done by Zirem et al. (2018). Batch arrival and fixed batch service
queue with different server’s interruptions and its application in energy consumption
has been studied by Yuvarani and Vijayalakshmi (2020). Batch arrival Poisson queue
with breakdown and repairs has been discussed by Rajan et al. (2020). Yu and Tang
(2022) have investigated a renewal input bulk arrival queue with a fault-tolerant server,
in which the server can keep working with a low service rate even if the partial failure
occurs and only when there are no customers in the system, the partial failure can be
removed.

Some authors have incorporated the server breakdown on the vacation queuing
model. Also, the vacation queueing model with the unreliable server under different
environmental assumptions has been studied. The steady state analysis of an M(X] /G/1
queueing system with the server operates under N policy, single vacation and with
breakdown is carried out by Ke and Lin (2008) in their article. A batch arrival queue
with a Bernoulli schedule vacation, with delayed repair and with a standby server is
analysed by Rehab et al. (2012). An M /G/1 unreliable server, Bernoulli vacation queue
with two phases of service has been investigated by Choudhury and Deka (2012).
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Kalyanaraman and Nagarajan (2016) have analysed a Poisson queue with batch arrival
and batch service where they have assumed that the server may take a vacation and the
server may break down. Usually the unreliable server is considered with the assumption
that the repair to the server starts immediately after the server breaks down. It is quite
natural that as a result of a sudden breakdown, the server may have to wait for a
random time (known as delay time) for repair to start in a real scenario. An unreliable
bulk queueing model with optional services, Bernoulli vacation schedule and balking is
studied by Kumar (2018). A non-Markovian single server batch arrival queueing system
with multi-stage of service, service interruptions and deterministic server vacation has
been discussed by Vignesh et al. (2018). Jiang and Xin (2019) have presented a more
detailed analysis of a single server queueing system with working breakdowns and
delaying repair under a Bernoulli-schedule-controlled policy for taking repair. Batch
arrival general service queue and optional service, vacation under randomised policy
is studied by Singh et al. (2018). Saggou et al. (2019) have derived the probability
generating function of the joint probability of system size and the server state of an
MIX/G/1 queue with breakdowns, repair, Bernoulli vacation, two delays and geometric
loss. Singh et al. (2019) have analysed a bulk queue with additional optional service,
vacation and unreliable server. Batch arrival, batch service queue with server breakdown
without interruption and controllable arrivals during multiple adaptive vacations has
been considered by Jeyakumar and Rameshkumar (2019). Ayyappan and Karpagam
(2019) have analysed a batch arrival queue and the server selects customers for service
with a minimum of ‘a’ and a maximum of ‘b’, in addition to that the server breakdown
and immediate repair takes place with a standby server and single vacation. The
unreliable bulk arrival queueing system with overloading service, variant arrival rate,
close down under multiple vacation policy has been considered by Ayyappan and
Nirmala (2021). Fixed batch service queue, unreliable server and with vacation has got
attention by Choudhary and Sharma (2022).

In real life situation, one faces the following situation quite often. In manufacturing
industries, after the approval, the products are permitted for transportation to the
customer shops in bulk via trucks. It is well known that a truck may be loaded with a
minimum of 1 and a maximum of K items for transportation service at a time. After
transporting the products, if no batches are available for transportation, the truck is used
for other work, or the truck may undergo maintenance (vacation period). During the
service period (transportation period), the truck may break down and the repair may
be started immediately after an occurrence of server break down. The above real life
situation can be modelled as queucing system, that triggers us to discuss a batch arrival
with a single server where a server provides service for batch customers of variable size
with a minimum of ‘1’ and a maximum of ‘K’ (i.e., MX1/G(1-5) /1 queue) with an
unreliable server and with Bernoulli vacation.

The rest of this paper is organised as follows. Section 2 describes the proposed
model and its mathematical analysis by finding its probability generating function for
the number of customers in the queue. In Section 3, an expression for the mean queue
size is derived. Some interesting models as particular cases are deduced in Section 4. In
Section 5, the feasibility of implementation of numerical study is carried out for specific
environments. Finally, Section 6 contains a brief conclusion.
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2 Description of the model and analysis

The arrival process is a Poisson with rate A > 0, the customer arrives in batches of
variable size X, where X is a random variable with probability P{X = j} = C;, whose
probability generating function is defined by

C(z) = Z Cjz7.
j=1

The server provides service for a batch of customers whose size is a random variable
with minimum batch size 1 and maximum size K (> 0) and the service time distribution
of each batch is generally distributed with distribution function G(z). After completion
of service the server takes a vacation of random duration with probability p or stays
in the system with probability 1 — p independent of the number of customers in the
queue. The vacation period is a random variable with a general probability distribution
function B(z). In addition the server may break down during the service of customers.
The number of breakdowns are assumed to occur according to a Poisson process with
rate ‘«’. When the server breaks down, the customer who is in the service will be
interrupted and he has to wait at the head of the queue, and the repair of the server will
be started immediately. The duration of the repair period is generally distributed with
the distribution function H ().

The supplementary variable technique is used for the analysis. The supplementary
variables are elapsed service time, elapsed vacation time, elapsed repair time. We define
the following conditional probabilities for the analysis purpose:

o u(x)=7 fg’()z) is the conditional probability that the completion of service during

the interval (z,z + dz], given that the elapsed service time is ‘z’

o [x)= %is the conditional probability that the completion of vacation

during the interval (x,x + dx], given that the elapsed vacation time is ‘z’

o ~(x)= %is the conditional probability that the completion of repair during

the interval (z,z + dx] given that the elapsed repair time is ‘@’

The Markov process related to this model is {(N(t), S(t)) : t > 0} where N(t) be the
number of customers in the queue and S(¢) be the supplementary variable at time
‘t’defined as:

S1(t), Elapsed service time,
S(t) =< Sa(t), Elapsed vacation time,
S3(t), Elapsed repair time.

We define the following probabilities for different server states.

e P,(t,x) = P {at time ‘t’, there are ‘n’ customers in the queue (excluding the
customer in service) and the elapsed service time is ‘z’}

o V,(t,x) = P {at time ‘¢’, there are ‘n’ customers in the queue and the elapsed
vacation time is ‘z’}
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e R,(t,z) = P {at time ‘t’, there are ‘n’ customers in the queue and the elapsed

repair time is ‘z’}

e Q,(t) = P {at time ‘t’, there are ‘n’ customer in the queue and the server is

idle}.

Using infinitesimal argument, the system of differential — difference equations for the

model are obtained as

d]z?f) = —(\ + pu(z) + @) Po(z),

dpdnf) = —(A+ (@) + a)Pu(z) + Agcjpn_m), forn=1,2, ...,
Do) _ _ 34 bo)i(o),

d%ﬁz) = —(A+B(x))Va(z) + AéCjVn_j(x), forn=1,2,..
W0l®) (3 () Rolw).

dRé;(x) = (A +7(@))Rn(2) + AZH: CijR,_j(z), forn=1,2, ..

j=1
0=+ [ Rolan(@pts
0

+ /000 Vo(z)B(z)dx + (1 — p) /000 Py(z)p(z)dx

with the boundary conditions

o K oo K
R0 = (1=) [ 30 P)ua)de + / SOV ()8 (a)de
x 1= J
+/0 ;Rj(x)v(m)dx—i-)\Q,

=
S
—
o
=
Il

a/ P,_1(x)dz, for n=1,2,...
0

(1

2

3)

“4)

)

(6)

(M

®)

©)

(10)

(11)
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Ro(0) = 0 (12)

and the normalisation condition
Q+/ x) + Vo(z) + Ry (x)]de = 1. (13)

For the analysis purpose, the following probability generating functions are defined:

(o) o0
= Z P,(x)z", V(z,z)= Z Valx)2",
n=0 n=0
and
o o0 )
R(z,z) = Z R,(x)2", C(z) = Z C;2.
n=0 j=1
Multiplying equation (2) by 2™, applying Y .- |, and adding with equation (1), lead to
P
% + (A= AC(2) + pu(x) + a)P(z, z) = 0. (14)

Imitation of such procedure yields

% + (A= \C(2) + B(x)V(z,2) = 0 and as)
% + (A= AC(2) + 7(x))R(x, 2) = 0. »

Solution of above equation (14) is

B [1—G*(a)]A
PE) = R T = p ¥ 0B ()G (a) —aell — G- (@) (m)’ (17
Similar procedure yields
B apG*(a)[1 — B*(m)]A )
V) = ek —al—p + pB (m)G(a) — 0zl — G- (i)} ™ (19
B az[l — G*(a)][l — H*(m)]A
B = aE —all = pB ()G (@) — ozl — @By 0

Let S(z) be the probability generating function of number of customers in the queue
independent of the server state.
Addition of equations (17), (18), and (19), leads to

S(z) = P(2) + V(2) + R(2). (20)
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Now

{m + az(1 - H*(m)](1 - G*(a)) + apG* (a)[1 — B*(m)]} A

5(2) = m{azf —a(l —p+pB*(m))G*(a) — az[l — G*(a)|H*(m)}

(2]

where
o K oo K
=(1- 2K — 2P, (2)p(z)dz 2K — 2V (2)B(x)dx
A=(-p | 3o Pl + 3~ Wal)Ble)d
+ /000 Z(zK — 2R, (z)y(z)dz + (2K — 1)AQ.

LA
Let S(z) = .
Where

Iy = [m+az® (1 — H*(m))][l — G*(a)] + apG*(a)[l — B*(m)] and
Iy = a2 —a(1 —p+pB*(m))G*(a) — az[l — G*(a)|H*(m).

Notice that @ + S(1) =1 implies @ =1 — S(1). Since S(1) = 0/0, apply ’'Hopital
rule twice. This gives

A
S = {ml'f'2 }
z=1

where

Iilz=1 = =AE(XO{[1 = G*(@)][1 + aB(R)] + paG™(a) E(V)},

Ih].—1 = aK — AE(X)[1 — G*(a)] — apE(X)E(V)G* ()
— ol = G*(a)][1 + AE(R)E(X)],

o K
Al = (0=p) [ S (K = n)Pu@hule)ds + KAQ

o K oo K
+ / S K —mVa@)Bla)da+ [ YK = mRu(wn(a)da,

and

m/Iy — I1 A’
m'I}

Q=

z=1

3 Mean queue size

In this section mean queue size is calculated. Let us differentiate S(z) with respect to
z and substitute z = 1 to get the mean queue size.
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Differentiation of equation (21) with respect to z, gives

m]2 [I{A + IlAl] — IlA[m’IQ + Iém]
[mls)? '

S'(z) =

Substituting z = 1, we get S’(1) = 0/0.
Usage of I’Hopital rule four times gives

2m/ B[ A" + [} A) = LA m" Ty + Ijm/]}
6[m/I5]? ’

z=1

S'(1) =

Lz = 222 BX(X)[1+ aBE(R)][GY ()] + [1 = G*(a)][-AB(X (X — 1))
—20AE(R)E(X) — a(NE*(X)E(R?) + AEX (X — 1)E(R))]
+ 20N E%(X)G* (@) E(V) + 2paX?E*(X)G* () B(V)
—paAEX(X — 1)G*()E(V) — paX>E*(X)G* (a)E(V?),

L"|.-1 = aK(K —1) = 20AKE(X) = AE(X (X — 1)) + AE(X(X —1))G*(a)
+ 20N E*(X)E(V)G*(a) — 2\2E*(X)G" ()
+ 2apN?E*(X)E(V)G* ()
—pa]NE*(X)E(VH) + AE(V)E(X(X — 1))]G* ()
— 20\E(X)G" (a)
— 2aAE(X)[1 — G*(a)]E(R) — 2aX*G* (a)E(R)E*(X)
—afl — G*(a)][NE*(X)E(R?*) + AEX (X — 1)E(R)],

o K
A'l,ci=(1-p) ; Z (K(K —=1) =n(n —1))Py(z)u(z)dx

n=1

+ /OO Z (K(K —1) — n(n — 1))V, (2)B(x)dz
0 n=1
/ 1) = n(n — 1) Ry(2)y(@)de + (K(K — ))Q,

and
Q== IZJIQM _

4 Some particular models

In this section a few specific cases are deduced by applying known probability
distributions to various general probability distributions of random variables such as
batch size, service time, vacation time, and repair time.
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4.1 Case 1: MXI/M®E) /1 queue with unreliable server and with Bernoulli
vacation

Here it is assumed that
Glz)=1—e" Bx)=1-—e H(x)=1-—e7,
Also assume that batch arrival size random variable X follows geometric distribution
with probability C,, = (1 — s)" s for n > 1, where s =1 — ¢.
The probability generating function of number of customers in the queue
independent of the server state is derived as follows.
{Im(y +m) + azm]a(B + m) + apum(y + m)} A

{m{azK(u +a)(B+m)(y+m) —al(1 - p)(B+m) + pBlu(y + m)
—azay(B + m)}

S(z) =

where

A=(-p) [T X P @+ [T - @)

o K
+ [ = R @+ (K - 10Q

with m = A = AC(2), a = XA — A\C(z) + a.
The mean queue size is

 Am'BIGA" + A — BA [T + I’}

!
1
s 6[m/I4]? 1
where
Il)m1 = —————Ja(y + @) + apur],
1le=1 st(qua)[ (v + @) + apuy]
Loy = aKspy(p+ a) — Aafy — adpuy — a?(ys + )8
2lz=1 — )

sBy(p + )

o K
Al = (1=p) [0 0P @)
o K
2K YW (2) B(2)dx
+ > Val) B(2)d
w K
—|—/ Z(Kszl —n2" YR, (z)y(x)dx + (K25 "1)\Q,
0 =

0"|az1 = {2Xu(a +7) 8%y — aBP(u+ @) 2A(1 — s)7?
+ 28y + 2aMy(1 — 5) 4+ 2X%a] + 2p\?p(p + @) By?
— 2paX*pBy? — 2par(l — s)u(p + @) By°

— paX?u(p + a)y?} {W} ’
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L.z = {aK (K = 1)s°8%y*(u+ @) + 82921 + a)[-20K s(p + a)
=2 1 = s)(p+ @) +2X(1 — s)y]
+ By [2pN 2 (i + @) + 222 — 2apA*y
+7°[~apu(2A® + 20(1 — 5)B)(n + a)
+ 2a\uB32s] — 202 B2 Asy (1 + @) + 22X B2y

- a2+ 2 - 9+ 0 S |
o K
Aoy = (1-p) / SO (K 1) = n(n — 1)) Py (@) pu(z)dz
ok n=1
+ / D> (K(K 1) = n(n — 1))V, (2)B(x)dx
0 n=1

w K
+ /O S (K(K = 1) = n(n — 1)) Ru(2)1(z)dz + K(K — 1)AQ, and

m'ly — I A’
m'I}

Q=

z=1

4.2 Case 2: MX1/GK) /1 queue with unreliable server, without vacation

Here the probability generating function of the number of customers in the queue
independent of the server state is derived by assuming p = 0.

[m+ az(l — H*(m)](1 — G*(a))A

S(z) = m{azK —aG*(a) — az[l — G*(a)|H*(m)}

where

o K o K
A :/0 Z(ZK _Zn)Pn(m)u(x)dx+/0 Z(ZK — MWV (2)B(2)dx
Oon;( n=
*/0 3 (K M Ru () (@)de + (5~ 1)AQ

with m = A = AC(2), a = XA — AC(z) + a.

The mean queue size is
_ 2{m/ LA + IV A" — TA [m" 15 + Ifm']}
B 6[m’I}]?

S§'(1)

Li]z:=1 = —AE(X)[1 - G*(a)][L + aE(R)],
IL.1 = oK — AE(X)[1 — G*(o)] — o[l — G*(a)][1 + AE(R)E(X)],
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o K 0o K
Al = [T 6 - Pt + [ S Vi)

n=1

o K
+ /0 > (K = n)Ry(2)y(z)dz + KAQ,

I'].=1 = 22 2E*(X)[1 + aE(R)][GY ()] + [1 — G*(a)][-AE(X (X — 1))
—20AKE(R)E(X) — a(ME*(X)E(R?) + AE(X(X —1))E(R))],

L"|.—1 = aK(K —1) = 2AKE(X) — AEX(X — 1) + AEX (X — 1)G*(a)
—2N2E2(X)G (a) — 2aAE(X)G* (a) — 200E(X)[1 — G* ()| E(R)
—a[l — G*()][NE*(X)E(R?*) + AE(X(X — 1))E(R)],
— 200G (a)E(R)E?*(X),

Wy = [ SR 1) = i - D) Pul@)ata)da
Oon;;
+ /0 D (K(K = 1) = n(n — 1)V, (2)B(x)dx
- K
+ /0 > (K(K —1) = n(n — 1)) Ry(z)y(x)dz + K (K — 1)AQ, and

o_ M- LA

17!
m'[} o1

4.3 Case 3: MX1/G /1 queue with breakdown and with Bernoulli vacation

Here the probability generating function corresponding to the number of customers in
the queue independent of the server state is derived by assuming K = 1.

{Im+ az(1 — H*(m)](1 — G*(a)) + apG*(a)[1 — B*(m)]}A
m{az —a(l— p + pB-(m))G-{a) — ozl — G- (@] H*(m)]

S(z) =

where A= (z —1)AQ, m = A — AC(z), a = A — AC(z) + a.

The mean queue size is derived as

{m'BIIAY + I{ A = LA T + I§m']}
6[m/ T3] )
Tile=1 = “AEQO{[1 = G*(a)][1 + aB(R)] + paG* () E(V)},
Il:=1 = a = AE(X)[1 = G*()] = aApE(z) E(V)G" ()
—all - G*(a)][1 + AE(R)E(X)],
Al = 2Q,

S'(1)
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L".=1 = 22V E*(X)[1 + aE(R)|[GY ()] + [1 = G* ()] [-AE(X(X — 1))
—20AE(R)E(X) — a(N’E*(X)E(R?) + AE(X (X — 1))E(R))]
+ 2pN2E2(X)G* () E(V) + 2pa)? E*(X)GY (a) E(V)
— PAAE(X(X — 1))G* () E(V) — paX’E*(X)G* () E(V?),
L"].—1 = —2AE(X) = AEX (X — 1) + AEX(X — 1)G*(a)
+ 2D\ E2(X)E(V)G*(a) — 222 E*(X)G* ()
+ 2ap\?E*(X)E(V)G* (o) — pa[ N E*(X)E(V?)
+AE(V)E(X(X —1))]G*(a) — 2a\E(X)G* ()
—20AE(X)[1 — G*(a)]E(R) — 2a)\*G* E(R)E*(X)
—afl — G*(a)][\E*(X)E(R?) + AEX (X — 1)E(R)],
A'|.—1 =0,

and

m'Ty — I A’

@= m/1},

z=1

5 Numerical results

In this section, illustrative numerical results of the operating characteristics of model in
the particular cases are obtained.

For the model in case 1, the numerical results are obtained by assuming p = 15,7 =
16, 8 =15,p =0.01,s = 0.7 and varying the values of A from 1 to 10. Also, the
numerical results are presented in the form of Tables and Figures for the values of «
from 1 to 5 and K = 2, 3.

For the model in case 2, the numerical results are calculated by assuming p =
15,7 =16,5=15,5s = 0.7 and varying the values of A from 1 to 10. Also, the
numerical results are presented in the form of Tables and Figures for the values of «
from 1 to 5 and fixing K = 2, 3.

For the model in case 3, the numerical results are calculated by assuming p =
15,v=16,8=15,s = 0.9 and varying the values of A from 1 to 10. Also, the
numerical results are presented in the form of Tables and Figures for the values of «
from 1 to 5 and fixing K = 1.

Tables 1 and 2 exhibit the probabilities of server being idle for increasing values of
A from 1 to 10 and « from 1 to 5, and for the values of K = 2, K = 3 respectively.
From Tables 1 and 2, it is observed that the probability of server being idle decreases
as average arrival rate increases from 1 to 10. Also the probability of server being idle
decreases as breakdown rate increases from 1 to 5.

Figures 1 and 2 indicate the behaviour of the mean queue size for K =2, K =3
respectively when A varies from 1 to 10 and « from 1 to 5. From Figures 1 and 2, it is
observed that the mean queue size increases as average arrival rate increases from 1 to
10. Also the mean queue size increases as breakdown rate increases from 1 to 5.
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Table 1 Probability of server being idle when K = 2: (u = 15, v = 16, § = 15, p = 0.01,

s=0.7)
N a
1 2 3 4 5

1 0.8378 0.8337 0.8299 0.8264 0.8230
2 0.6954 0.6880 0.6810 0.6744 0.6682
3 0.5709 0.5606 0.5509 0.5418 0.5332
4 0.4633 0.4506 0.4387 0.4275 0.4170
5 0.3716 0.3569 0.3433 0.3305 0.3184
6 0.2950 0.2789 0.2639 0.2498 0.2366
7 0.2328 0.2156 0.1995 0.1845 0.1704
8 0.1843 0.1663 0.1495 0.1339 0.1192
9 0.1487 0.1303 0.1131 0.0971 0.0821
10 0.1256 0.1070 0.0897 0.0735 0.0583

Table 2 Probability of server being idle when K = 3: (u = 15, v = 16, § = 15, p = 0.01,

s =0.7)
A o
1 2 3 4 5

1 0.8073 0.8044 0.8018 0.7994 0.7972
2 0.6383 0.6331 0.6283 0.6239 0.6198
3 0.4912 0.4841 0.4776 0.4716 0.4660
4 0.3655 0.3569 0.3491 0.3418 0.3351
5 0.2607 0.2510 0.2421 0.2339 0.2264
6 0.1764 0.1659 0.1563 0.1475 0.1393
7 0.1122 0.1013 0.0912 0.0820 0.0735
8 0.0680 0.0568 0.0465 0.0371 0.0285
9 0.0432 0.0321 0.0219 0.0125 0.0039
10 0.0378 0.0269 0.0169 0.0078 0.0000

Figure 1 Mean queue size when K = 2: (u = 15,7 = 16,8 = 15,p = 0.01,s = 0.7)
(see online version for colours)
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Figure 2 Mean queue size when K = 3: (u = 15,7 = 16,8 = 15,p = 0.01,s = 0.7)
(see online version for colours)
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Table 3 Probability of server being idle when K = 2: (u = 15,7 = 16,8 = 15,5 = 0.7)

A o
1 2 3 4 5
1 0.8385 0.8344 0.8306 0.8270 0.8236
2 0.6960 0.6885 0.6814 0.6748 0.6686
3 0.5715 0.5611 0.5513 0.5422 0.5336
4 0.4639 0.4511 0.4392 0.4280 0.4174
5 0.3724 0.3577 0.3440 0.3311 0.3191
6 0.2961 0.2800 0.2648 0.2507 0.2374
7 0.2343 0.2170 0.2009 0.1858 0.1716
8 0.1861 0.1681 0.1512 0.1355 0.1207
9 0.1510 0.1325 0.1152 0.0991 0.0840
10 0.1282 0.1095 0.0921 0.0759 0.0607

Table 4 Probability of server being idle when K = 3: (u = 15,7 = 16,8 = 15,5 = 0.7)

A o
1 2 3 4 5
1 0.8081 0.8052 0.8025 0.8001 0.7978
2 0.6388 0.6335 0.6287 0.6242 0.6201
3 0.4915 0.4843 0.4777 0.4717 0.4661
4 0.3657 0.3570 0.3491 0.3417 0.3350
5 0.2608 0.2511 0.2421 0.2338 0.2262
6 0.1766 0.1660 0.1564 0.1475 0.1392
7 0.1126 0.1016 0.1564 0.0821 0.0735
8 0.0685 0.0572 0.0469 0.0374 0.0286
9 0.0440 0.0327 0.0224 0.0130 0.0042
10 0.0388 0.0278 0.0177 0.0085 0.0000
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Tables 3 and 4 display the probabilities of server being idle for the values of K =
2, K = 3 respectively when A varies from 1 to 10 and « from 1 to 5. From Tables 3 and
4, it is observed that the probability of server being idle decreases as average arrival rate
increases from 1 to 10. Also the probability of server being idle decreases as breakdown
rate increases from 1 to 5.

Figure 3 Mean queue size when K =2: (u = 15,7 =16,8 = 15,5 = 0.7)
(see online version for colours)
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Figures 3 and 4 exhibit the mean queue size for K = 2, K = 3 respectively A varies
from 1 to 10 and o from 1 to 5. From Figures 3 and 4, it is observed that the mean
queue size increases as average arrival rate increases from 1 to 10. Also the mean queue
size increases as breakdown rate increases from 1 to 5.

Table 5 shows the probabilities of server being idle for K = 1 when A varies from
1 to 10 and « from 1 to 5. From Table 5, it is observed that for K = 1 the probability
of server being idle decreases when A varies from 1 to 10 and also decreases when «
varies from 1 to 5.



Table 5 Probability of server being idle when K = 1: (u = 15, v = 16, 8 = 15, p = 0.01,
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s=0.9)
N a
1 2 3 4 5

1 0.9280 0.9238 0.9195 0.9153 0.9110
2 0.8553 0.8467 0.8381 0.8294 0.8208
3 0.7814 0.7682 0.7550 0.7418 0.7285
4 0.7061 0.6883 0.6704 0.6524 0.6343
5 0.6295 0.6068 0.5840 0.5610 0.5380
6 0.5515 0.5238 0.4959 0.4678 0.4396
7 0.4721 0.4391 0.4059 0.3725 0.3389
8 0.3912 0.3528 0.3142 0.2752 0.2359
9 0.3087 0.2648 0.2205 0.1757 0.1305
10 0.2248 0.1750 0.1248 0.0740 0.0227

Also from Figure 5, it is inferred that for K = 1 the mean queue size decreases when
A varies from 1 to 10 and « from 1 to 5. Figure 5 clearly shows that the mean queue
size increases as average arrival rate increases from 1 to 10. Also the mean queue size
increases as breakdown rate increases from 1 to 5.

Figure 5 Mean queue size when K = 1: (u= 15,7 = 16,8 = 15,p = 0.01,s = 0.9)
(see online version for colours)
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In nutshell, the probability of server being idle decreases when average arrival rate
increases from 1 to 10 and breakdown rate increases from 1 to 5. Similarly mean queue
size increases when average arrival rate increases from 1 to 10 and break down rate
increases from 1 to 5.

Analytical findings are clearly supported by numerical illustrations. The numerical
results obtained show that the parameter values exhibit the model’s performance
measures as well as its effectiveness.
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6 Conclusions

In this paper, a single server batch arrival and batch service queue with Bernoulli
vacation, and with unreliable server was completely analysed. The probability generating
functions for number of customers in the queue at various server state were obtained.
From the probability generating function a compact formula for mean queue size was
derived. Some particular models were deduced by assuming particular known probability
distribution to general probability distributions. Numerical results were obtained for
particular cases by assuming particular values to the parameters. The model can be
extended further by taking the breakdown period as generally distributed random
variable. Finally, we hope that the queueing model concerned is well applicable to real
life scenario and having noteworthy applications in manufacturing and transportation
system, etc. by taking suitable distributions depending upon the situations.
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Abstract. The existing study of the paper using chemical reaction examines the consequences of thermal and mass
transferal on MHD Alumina nanofluid energy passed over an oscillatory plate by radiation. Using similarity
transformations, the governing equations are reformed into dimensionless equations and solved through Laplace
Transformation. The effects of parameters in radiation (R), Schmidt number (Sc), Prandtl number (Pr), magnetic
parameter (M), chemical Reaction Parameter (K.), solid volume fraction (@), thermal Grashof number (Gr), mass

Grashof number (Gc), phase angle (@) are scrutinized in velocity, temperature, and concentration forms. The depicted
charts are shown the enhancement of the velocity, temperature, and concentration. It observes that an increment of
magnetohydrodynamic diminishes the velocity, an increment of thermal and mass Grashof number stand out towards the
increase through the velocities, and increasing radiation reduces a temperature. An increment of Schmidt number
diminishes the concentration of the Alumina nanofluid. The Concentration of the fluid decreases as an increment of
chemical reactive parameters. The increment in time directs to increase the Nusselt number along with the Sherwood
number. The skin friction Coefficient improvements with accumulative values of mass grashof number and radiation.

1. INTRODUCTION

Nanofluids has several engineering application in heat transfer for maximal thermal conductivity. Heat and mass
transfer occur on invertors, turbines, space engines, power creators, pumps, refrigeration loops, steel rotators,
satellites, etc. It is highly significant in industry innovations. The convection and radiation influence is a vital
application in vapor producers of power plants with load changes. Nowadays convective heat transfer with applied
magnetic field study is popular in various fields. In MHD flows, hall current effects in Ohm’s law are considered
when a durable magnetic field is applied. It is neglected for smaller values. Chemical compound responses are
categorized as similar and dissimilar based on solid volume fraction. In this paper, a first-order chemical reaction is
considered. Due to cross-transmission, heat and mass transmission concerned each other. Based on concentration
and temperature, the heat transmission is termed as the Dufour effect and Soret effect respectively. In real life,
people prefer white colour clothes instead of black for less amount of heat absorption and to keep the body cool. The
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car radiators are coated with black colour which emits a lot of heat. If you pour the water, it will reduce the heat.
Here water is acted as a coolant. In thermal properties, Aluminium is frequently used in thermal conductivity,
convective heat transmission coefficient, and heat transference coefficient. In this paper, aluminum oxide nanofluid
using chemical response is considered.

Biswas et al. [1] has performed the numerical investigation of variation in different dimensionless parameters.
Das et al. [2] mentioned the scope and features of those magnetic nanofluids. He also focused on the application of
nanofluids based on their specific usage. Datta et al. [3] have applied the finite volume method for resolving
equations. He generated the ANSYS Fluent code for finding values and calculated the dynamic viscosity of the
nanofluid and Brinkman model. Mahanthesh et al. [4], provided base fluid and Copper nanofluids values. Mahbubul
et al. [5] examined the optimum dispersion of nanoparticles. He measured current conductivity and viscidness by the
ultra-sonication procedure. Misra et al. [6] were sightseen the controls of warmness and quantity transfer on porous
blood vessels Variations of parameters were executed generated the graphs with tables.

Exhausting chemical reaction, Muthukumaraswamy et al. [7] evaluated the Hartmann number with hall
parameter and rotation parameter. Oahimire et al. [8] conferred using chemical reactions in three dimensional fluid
flow. Rout et al.[9] has computed and analyzed the thermal energy transmission and has taken variable temperature
as a boundary condition. Srinivas et al. [10] have used thermosolutal nanofluid and applied the Gauss-Siedel
iteration method to solve the governing equation. In his calculation of values, he used C-programming code.
Swarnalathamma et al.[11] has studied the Eyring-Powel Nanofluid through an Isothermal Sphere with thermal slip
effect. Rajput et al. [12] had examined the Hall effect in a porous plate with chemical reactive and radiation. This
technique is applied in rocket science and missile technology. Venkateswarlu et al. [13] has studied the oscillating
plate with steady frequency and applied the perturbation method to solve the governing equation. Zubair Akba et al.
[14] analyzed metallic nanoparticles.

Thermal  Momentum
boundary  boundary

layer
1x Y/ layer !
Bo I
) -
| 2 v
. ©
) . | -
3| w T(o0,t) =T, -
) 7 | <
—Ho £
=B
— . | ©
———) <
) |

*y
o]
FIGURE 1. The physical model and coordinate system

The physical model is shown in Figure 1. The effects of MHD nanofluid movement of an incompressible viscid
fluid past an oscillating vertical using chemical reaction and radiation have not been studied in all the above-cited
papers. In this paper, alumina-water is used.

To the author’s knowledge, no studies have been found in literature, to study the effects of heat and mass transfer
on MHD nanofluid flow past over an oscillating plate with radiation and chemical reaction.

2. MATHEMATICAL ANALYSIS

Using chemical reaction and thermal radiation, the viscid flow of an incompressible concentrative
AL O,nanofluid past an oscillating perpendicular plate has been considered. The xo y* plane is taken and z =0.

At the time? <0 , the plate and fluid are at the same temperature 7, The plate has oscillated alongside the x
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axis and the y* axis is usual for the remaining axes. Near the plate, the temperature value is expected 7, . The

1
velocity y° =(“0V /)(EJ cos (a)*z*) is started oscillating and the temperature surges to 7, . The uniform magnetic field

B, is applied uniformly equivalent to the z axis. At the normal direction to the plate, the radiative heat flux ¢, is

handled. Thermo-physical properties of the base fluid and nanofluid are tabulated in Table 1.

TABLE 1. Thermo-physical properties of water and Alumina nanoparticles.

Physical Properties pkg/m) | C,(J/KgK)| KW/mK) | px10° (k") | o (s/m)
Water / Base fluid 997.1 4179 0.613 21 0.0 5.5x 10°
AL O, (Alumina) 3970 765 40 0.85 0.15 35x 106

The mass transfer concentration coefficient ranges from 0.01 to 0.lin Alumina nanofluid. The equation of

continuity is V- F =0Qwhere u", v', w* denotes the elements of velocity F. It provides w*=0 inflow which is
satisfied by the plate everywhere. The external velocity varies inversely—linear with the distance along the surface
which is known as Pseudo similarity. The velocity resemblance variables are reserved as the essential resemblance
variables. It is denoted by 77.. The water-based A/,0, nanoparticles are taken as a fluid. The water and the Alumina

nanoparticles stayed which are in current symmetry. Z* and t* direct the movement of the fluid. The flow is far off
since the plate without disruption is considered.
The Boussinesq’s approximation governing equations are as follows for unstable flow:

ou’ o’u" s s s
/4
o' o o+

or , 0T 0q

== - 3
(pcp)nf at nf' az*z aZ ( )
* 2 *
e Caren )
ot oz

where u” is the primary velocity and v" is the secondary velocity.
The initial and boundary conditions of the projected problem are specified by:

u =0, vi=0, T=T, C =C. forall z,t' <0
1
u' = (uovf IEJ cos(a)*t*) vi=0, T=T, C =C,, forall t >0 )
u"—0, Vi >0, T>T, C —>C, at z© — o

The following set of non-dimensional quantities are introduced below

1
T-T Lt v, (5)
0= © c:C* Cf , K, =K%
Tw_Too Cw_Cw uO
T -T A(C,-C,,
G EAMT) o 8BCC)
u, u, k,
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The local radiant for the case of an optically thin gray gas is expressed by
aq . * 4 4

r=4a o \T'-T 6

o [ -1) (©)

It is assumed that the temperature differences within the flow are sufficiently small such that 7* may be

expressed as a linear function of the temperature. This is accomplished by expanding 7* in a Taylor series about
7., and neglecting higher-order terms, thus

T* =471’ T 3T} (7)
By using equations, dimensionless parameter equation (3) simplifies to
2
(pc )nj»a—T=knf 0 7;+16a*UT003 (T,-T7) (8)
p 6t! az*
By using the dimensionless parameter, equations Eq. (1), Eq. (2), and Eq. (3) lead to,
oU o’U
L,E=L3ﬁ+L4(V—U)+ L,Gr0+L,Ge.C 9)
v oV
IE:L3572_L4(U+V) (10)
00 10 R
A S Ay | 11
ot ‘Prozd Pr {h
Where
L=(-¢)+ ¢[”‘J
Pr
(2]
L, =(1—¢)+¢| -2
(=9 ¢[(Pﬁ)f]
1
L=
Co-g)”
(o —1) o
L=1+—0 " =2
T er)--p o,
Li=(-p)+ q{(”c 2 J
(pcp)_/
|k 42k, —24(k, — k)
© |k, 42k, vk, — k)
(PB),
L,=(1-¢)+¢ —=—
’ ¢[ (B ), J

Where R is the radiation parameter, Pr is the Prandtl number, Gr is the thermal Grashof number, and Gr
approximates the ratio of the buoyancy force to the viscous force acting. Large R signifies a large radiation effect
while R—0 corresponds to zero radiation effect.

The corresponding initial and boundary conditions are represented by Eq. (12),

U=0, V=0, 6=0,C=0 forall Z,t<0
t>0: U=Cos(wt), V=0, 6=1,C=1 at Z=0 12)
U—-0, V—0, 650,C>0a Z—>©
Let F =U+iV (13)
The newest governing equations are
oF 0°F
15:L3ﬁ—L4b1F+LZGr9+L7GcC (14)
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w0_, 100 R
ot °'Proz® Pr
2

ec_1oc o

ot ScoZ

The newest initial and boundary conditions are,
F=0, 0=0, C=0 forall Z,t<0
t>0: F=Cos(wt), 6=1, C=1 at Z=0
F-0, 050, Co>0at Zo>w

3. SOLUTION PROCEDURE

(15)

(16)

(17)

The solution is written in the combination of exponential and complementary error functions. It is denoted by the

Eq.(18)

erfc(x) =1—erf (x)

(18)

The Laplace transform is used in RLC circuit analysis, to solve both ordinary and partial differential equations.
The dimensionless equations Eq. (14), Eq.(15), and Eq. (16) with conditional equations Eq. (17) are solved by

Laplace transformation. The outcomes are termed as follows

- explion) [eXp(2m/g(b2 i) erfeliyg +/(b, + i) }

4 | +exp(-207y/g (b, + i)t erfeling — [, +iw)t)
e lm)[exp(zn g(b, i) erfelnyg +J(b, i)

4

" 2d
_ c.exp(dr) {GXP(ZU\/g(b +d)t)erfc(f7x/§ +4/(b, +d) ) J
2d | +exp(-27\/2(b, + ) Jerfelyg (b, + ) )

tor (exp(2f7\/g72t erfelin S + st J+ expl- 21 ghit rselrg — /bt )

_e.exp(/H) [exp(Zm/g(b +f)t)erfc(77\/§+1/ b, + f ) J
2f +exp( 277«/gib +fit)erfc(77f ﬂlib + fit)

& (explanabt rfeloa + bt )+ expl- 20 bt rselea —br)

e c.exp(dr) [exp(Zn«/ a(b + d)t )erfc(n\/g + m) J
2d +exp( 2771/aib+dit)erfc(?]\/g—«/ib+dit)
e (exp(Zm/Sc K..t) erfc(r]x/Sic+\/7) J
Zf +exp(—2n+/Sc .K,.t) erfc(n\/g—\/i)

N e.exp(ft) [exp(zn,/Sc.tKU +fi erfc(n\/§+,/iK(, +f it) J

2f + exp(—277«/Sc.(Kc + f) erfc(ﬂ\/Si—«/iKc + f)t

= %(exp@ﬂ@ ) erfelya + bt J+ exp(-2nabt) enfelya - )
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LP Lpb L Lyab-L,b, L,.Ge L,.ScK -L,b L
Where a=—"1, b= R , b =M1+i), by==1 ) = 2Gr Ld= U7 e e PR TR g= "=
L, L A L-La L-La L-LS L-LS L

C= %(exp(Zn,/KC.Sc.t erfc(n& + /K1 )+ exp(~2n/K _Sci) erfc(f]& -JKt )) (1)

For measuring shear stress is expressed as skin friction (7 ) at the plate.it is specified by

OF
C, =—| = 22
! [ aZ jz—o ( )
The rate of temperature transmission is expressed by way of a Nusselt number (Nu). It has been specified by
Nu=- (69) (23)
oz 7=0

Among moving fluid and a solid body, heat transfer is calculated using the Nusselt number.
The ratio of mass transfer is expressed as a Sherwood number (Sh). It is specified by

oC
Sh=— [%j » 24)

The velocity F has computed and represented by Eq. (19). Using the below formula, the complex error function
is detached from real (U) and imaginary (V) parts separately. Real and imaginary parts are differentiated with initial

conditions for calculating the Skin friction coefficient.
2

| e
erf (a+ib) = erf (a) + ZPCO 1 cos(2ab)+ isin(2ab)] + EPC) 3 2 11 (a,b)+ig,(a,b)}+ < (a,b)
T

2ar ~ o’ +4a®
Where f,, =2a—2acosh(nb)cos(2ab)+ nsinh(nb)sin(2ab)
g, = 2acosh(nb)sin(2ab)+ nsinh(nb)cos(2ab)
S (a,bX R 10’16‘617’(51 + ibX

4. RESULTS AND DISCUSSION

Like the fluid flow, the numerical values are analyzed for several variables Gr, Gc, Sc, , w , Pr, M, t, K. and R
with chemical reactions. Constant temperature and constant concentration are considered.

4.1 ANALYSIS OF VELOCITY PROFILES

In Figure 2. An increment M value decreased in Primary velocity U with w = 7/2, t=0.2, Pr=0.71, R=1, Sc=0.6,
K. =1, Gr=5, GC=7, ¢ = 0.15.

3

FIGURE 2.Primary Velocity profile for different M~ FIGURE3.Primary Velocity profile for different Ge
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The increment of Ge increased the primary velocity U in Figure 3. The increment of Prandtl number values
increases both velocities are displayed in Figure 4 and Figure 13. The impact of the increase of time (t) increases the
primary velocity in Figure 5. The velocity profile of thermal Grashof number (Gr) is depicted in Figure 6. The
increment of the velocity of the fluid in primary velocity by an increment in Gr. An increment by chemical
compound response decreases the primary velocity in Figure 7.

0 05 1 15 2 25 3
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FIGURE 8. Primary velocity profile for different w FIGURE 9.Primary velocity profile for different Sc

The phase angle ® ranges from 7/18 to n/2 reduced the U in Figure 8. The increment of Schmidt number
decreases the Primary velocity in Figure9. There is an improvement in the velocity that outcomes of Sc within the
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boundary layer. The increment of solid volume fraction ¢ reduces the primary velocity U in Figure 10. The density
of fluid raises once more alumina particles are mixed into the water and the fluid transforms into denser.

R=0.T PI"= 0
035 | |=emem R=0.2 /7 035 | |—me Pr=2.4
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_____ R=0.4 4 o ._Pre4s
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025 i 025
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005 005 & N
o 0
0 o5 1 15 2z 25 s 35 4 45 0 o2 o4 o6 o8 1 iz 4 16 e 2
n 7
FIGURE 12. Secondary velocity profile for different R FIGITRF 13. Secondarv velocitv nrofile for different Pr

With the increasing R-value, the influence at both velocities is decreased and depicted in Fig.11 and Fig.12.

4.2 ANALYSIS OF TEMPERATURE PROFILES

The thermal transmission rate is existed high in the air compared with water. So temperature increases while
decreasing the Pr. The thermal diffusivity increment shows the way to a decline in the Pr. Thermal diffusion
has a propensity to reduce the fluid temperature. The temperature values of various Pr has presented in Figure
14.

2 25

n

n
FIGURE.14.Temperature profile for different pr FIGURE.15.Temperature profile for different t
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The temperature profile of the set of values of t has presented in Figure 15. This one has been created the
temperature of Alumina nanofluid decreased by an increment of t.

0 05 1 15 2 25

. .
FIGURE.16.Temperature profile for different R. FIGURE.17.Temperature profile for different ¢

Dissimilar values of temperature are presented in Figure 16. and Figure 17. for a set of R and ¢.It has been
generated decrement of heat in Alumina nanofluid if the raise of values of R. A temperature profile by different
values of solid volume fraction has been displayed in Figure 18. It has been initiated heat increases with
Alumina by an increment of solid volume fraction.

4.3 ANALYSIS OF CONCENTRATION PROFILES

In Figure 18. , the concentration values of various values of Sc and Kc=2 at time t=0.2 are depicted
explicitly. The values of Sc decrease If the concentration values raises. The concentration values rise by
reduction of chemical compound response are presented in Fig.18.This one is also perceived that in Fig.19, the
concentration values increase of drop-in time.

0 05 1 15 2 25

25

FIGURE.20.Concentration profile for different t
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4.4 ANALYSIS OF PARAMETERS OF NUSSELT NUMBER, SHERWOOD NUMBER,
SKIN FRICTION COEFFICIENT

At numerical impressions in solid volume fraction, R, Pr,t on thermal transfer coefficients are computed
and itemized in Table.2. The particle size ¢=0.15 has been considered for the Nusselt number investigation.

TABLE 2. Variants in Nusselt Number

t Pr (0} R Nu
0.3 0.71 0.05 1 1.2306
0.4 0.71 0.05 1 1.3377
0.5 0.71 0.05 1 1.4405
1.0 1.1 0.05 1 1.9705
1.0 3.1 0.05 1 2.1874
1.0 5.1 0.05 1 2.8103
0.1 0.71 0.05 1 1.0022
0.1 0.71 0.09 1 0.9447
0.1 0.71 0.13 1 0.8917
0.2 0.71 0.05 0.8 1.0728
0.2 0.71 0.05 24 1.4202
0.2 0.71 0.05 4.0 1.7265

TABLE 3. Variants in Sherwood number

t Kec Sc Sh
0.6 1.7544
3.6 2 0.6 4.1570
5.6 5.1846

0.4 1.0432

0.5 0.8 0.6 1.2021
1.2 1.3517

1.2 1.8073

0.8 1.0 7.6 4.5484
8.4 4.7818

TABLE 4. Comparison of Sherwood number

Sherwood number Present

Ke| Se t Ref[9]. Study

15| 06| 05 0.7298 14584

03 04253 0.7664

051 5o | 0 1.0982 1.9789
05

0.6015 1.0839

051 06 10 0.9241 12780

The various value of the Schmidt number, Sherwood numbers are calculated and listed in Table.3, and also
increasing Schmidt number value. Sherwood's number is increasing for various amounts of Sc and K. This one

030011-10

pd'€69€71L0°S L LLO0E0/ZLEOEYLL/IEBIEYLO /€901 0L /1op/pd-ajoie/doe/die/Bio-die sqnd)/:dpy woy papeojumoq



stands displayed in Figure 22. and Figure 23. The comparison values of the Sherwood number are increased for
increasing parameters in Ref[9]. But in Table 4. the present study Sherwood numbers are increasing with respective
parameters positively.

Sherwood Number
Sherwood Number

n ]
FIGURE 21.Sherwood number for different Ke FIGURE 22.Sherwood number for different Sc
TABLE 5. Variations in Skin friction coefficient values on Primary Velocity (U) and Secondary Velocity (V)

Cr Cr
! ¥ Pr R M]Gr|G o Se Ke (Primary) (Secondary)
0.05 0.9322 0.0883
0.10 | 0.15 | 0.71 1.0 1.0 | 3.0 | 3.0 | w/6 0.6 | 1.0 0.7671 0.2018
0.15 0.6100 0.3384
0.13 0.7434 0.2142

0.1 | 015 | 0.71 1.0 1.0 | 3.0 | 3.0 | w7 0.6 | 1.0 0.7677 0.1997
0.17 0.7888 0.1873

3.0 1.1238 0.1014

0.2 |0.15 5.0 1.0 1.0 | 3.0 |3.0 | /4| 0.6 1.0 1.1233 0.1132
6.0 1.1178 0.1310

1.0 0.4197 0.5601

0.2 |0.15 0.71 1.5 1.0 | 3.0 |3.0 | /3| 0.6 1.0 0.4526 0.6458
2.0 0.4788 0.6794

1.0 0.8077 1.0169

0.25 | 0.15 2 1.3 1.2 |30 |50 | n/8 | 0.6 1.0 0.6623 1.0702
14 0.6349 1.0852

1.0 -0.1484 1.2805

0.3 | 0.15 2.0 1.1 1.0 {11.0 | 8 |w/12| 0.6 1.0 0.4244 3.1189
21.0 0.9971 4.9574

2.0 1.8744 0.4233

0.2 | 0.15 2.0 1.0 051 5 80 | w6 | 0.6 1.0 1.1120 0.7725
16.0 0.0956 1.2382

/9 1.0769 0.0400

0.2 | 0.15 4.0 1.0 1 {40 |40 |n/6 | 0.6 1.0 1.0693 0.0514
n/3 1.0300 0.1164

/4 0.6 0.8868 0.0478

0.1 |0.15 3.0 1.0 I |30 6.0 0.7 1.0 0.9091 0.1039
0.8 0.9260 0.1915

/3 1.0 0.6657 0.7322

0.2 |0.15 2.0 1.0 1 4 6 0.6 2.0 0.7763 0.9989
3.0 0.8275 0.9417

The skin friction coefficient values are listed for numerous thermal Grashof number Gr, Mass Grashof number
Gc, Magnetic parameter M, nanoparticle volume fraction ¢, t, Pr, R, Sc,®, K¢ in Table 5. The skin friction
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coefficient values are increased by cumulative values as to Schmidt number, chemical compound response for both
velocities.

CONCLUSION

The major concept of this paper is to acquire the exact solution and to find the influences of the
Hotness in addition to Mass Transmission of the unstable free convective Alumina nanofluid stream above
an oscillating platter with the existence of radiative energy and MHD using chemical compound response.
The probe of chemical compound response in an oscillating plate and Alumina nanofluid flow, the
highlights of concluding remarks have been summarized as followed
=  An increment of the phase angle, magnetic parameter, the volume of solid fraction, radiation, directs
to drop in the primary velocity.

= The rise of radiation and the Prandtl parameter indicates the decrease in the secondary velocity.

= The radiation parameter, volume of solid fraction, and Prandtl number are increased by diminishing
the heat. But increasing solid volume indicates an increase in heat.

=  Nusselt number rises through increment of time, radiation, Prandtl number also it declines range of
solid volume fraction size.

= The Increment of time, Schmidt number, and chemical compound response direct raise the Sherwood
number.

= An increment of phase angle and Magnetic parameter give way to the reduction of Skin friction
coefficient values.

NOMENCLATURE
List of symbols

Ep C onstant applied m agnetic field (Wh 4
Ca Specific heat at constant pressure (] kg1 KD
Ly Coefficient of Skin Friction
E Electric field (k)
F Complex Function
g Cavity acceleration (m 3
fre Therm al Grashof mamber
Ge Iass Grashof tamber
20 Chemical Heaction Param eter,
M Diitn ensionless toagnetic field param eter
e Hall Param eter
Nu Musselt Humber
7 Ditn ensionless frequeticy
Pr Prandtl number
Gy Diitn ensional heat flux from the plate
43 Titn el 5)
E Diitn ensionless titm e (5
T Local tem perature of the nanofiuid (1)
T Wall tem perature (K)
Tox The temperature of the ambient nanofhud (K)
uLrw” Velocity components alongx™, ¥, 2 axes
V. W Dim ensionless welocity components
XV E Cartesian coordinates
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Greek symbols

Thetn a1 diffusivity (m? 1)

Thetn al expansion coefficient (1)
Mlass expansion coefficient

Dith ensiondess small quantity (<17
Solid wolum e fraction of the nanopatrticles
Density

Thetmn al conductivity (m 2s )
Dpnatnic viscosity (Pa 8

Kinem atic viscosity (m? £1)

Dith ensionless tem perature
Paeudo-sitmilarity watiable

Phaze angle

Electrical conductivity (m2 51

OEE W %E AT S M TR R

Superscript
— Dimensional quantities
Subscripts

i Fluid
nf HManofluid
= Solid
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ABSTRACT: The Cffec‘::a(:lt;,l‘;?c shown in this paper. The mOmenrtt&l VeTicy
plate with vaD",ﬂS:;.?;ﬁl Bousseing's equations are takex? i'nt_o Considera;ieonergy’
and mass cQuaflotn linear partial differential equations utilizing ng . Cre
and qu!vcrtcd 11" ‘: transform is used to solve the governing equatjop .G, Ong
quantities. Ifjat};.l :Cvelocity profiles is performed for a variety of Parame,,
analyses ol thermal Grashof number, mass Grashof Number Schm-rs‘
including T;m;;andtl number. For increasing levels of time, therma] GraShlclt
number, an ass Grashof number, it has been observed that velocity increaseg 0]f
_number, o;n; t when t grows, the values of shear stress drop, and When the o t
is ob;er;fgm:]baer increases, the values of shear stress decrease. The sheg, Streszsiz
Sr:;nid for various values of then"nal_Grashof number, mass GraShOf“Umber,
Schmidt number, Prandtl number, and time.

Key words: Parabolic, vertical plate, constant mass flux, variable tem

Perature
Shear stress.

INTRODUCTION

There are many technical applications for the unstable natural convect
a viscous fluid up a vertical plate, which is a classic problem in flujd
and heat transfer. Since it is essential for a variety of applications, in
cooling of electronic devices by fans, the cooling of nuclear reac
emergency shutdown, the exposure of solar central receivers to wind

chemical catalytic reactions, the study of convective flow, heat trans
transfer has been an active area of research.

10n flow of
mechanics
cluding the
tors during
current, and
fer, and mass

Siegel[1] examined transient free convection from a vertical plate. The transition
of vertical natural convection flows in water was researched by Joshi et al[2]. A
semi-infinite rapidly heated vertical plate's boundary layer evolution was
explored by Patterson et al. [3]. The transient free convection flow past an infinite
vertical plate with periodic temperature variation was examined by Das et al[4].
Schetz et al.[5] discussed unstabe natural convection near a doubly-infinite
vertical plate. [lingworth[6] has investigated the advection of a gas near an
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infinite 'ﬂat. plate in a laminar flow. Elder [7] has researched laminar free
convection in a vertical slit. The transient free convection around vertical plates
and spherical cylinders has been rescarched by Goldstein [8].

Alan Shapiro etal.[9] have explored the Prandtl number dependence of unsteady
natural convection along a vertical plate in a stably stratified fluid. The effects of
magneto hydrodynamic flow past a vertical plate with varying surface
temperature have been examined by Abbas[10]. Saravana et al. [11] evaluated
the impact of mass transfer on MHD viscous flow via an impulsively begun
infinite vertical plate with constant mass flux. The effects of mass transfer on
flow past an impulsively initiated infinite vertical plate with constant mass flux
have been studied by Soundalgekar et al. [12]. The heat and mass transport via
natural convection in a porous media has been explored by Bejan and Khair[13].
Vajravelu et al.[14] examined the unsteady convective boundary layer flow of a
viscous fluid at a vertical surface with changeable fluid parameters.
Elbashbeshy[15] has investigated the movement of heat and mass along a
vertical plate with a fluctuating surface temperature and concentration when a
magnetic field is present. The unstable free convection on a vertical cylinder with
variable heat and mass flux has been explored by Ganesan and Rani [16]. The
implications of mass transfer on the transient free convective flow of a
dissipative fluid down a semi-infinite vertical plate with continuous heat flux
have been explored by Gokhale and Samman [17]. Somers [18] investigated the
theoretical underpinnings of coupled thermal and mass transfer from a vertical
flat plate. Takhar et al.'s [19] studied of transient free convection across a semi-
infinite vertical plate with varying surface temperature.

Soundalgekar et al.[20] examined the impact of mass transfer and heat sources
on the flow through an accelerated infinite vertical plate. The precise solution of
the effects of mass transfer on flow through an abruptly began infinite vertical
plate with constant mass flux has been studied by Das et al. [21]. Satyanarayana
et al.[22] studied the effects of radiation and mass transfer on a moving vertical
plate with varying temperature and viscous dissipation. Using the Crank-
Nicolson finite difference approach, Abd el-nabyet al[23] investigated the
effects of radiation on unsteady free convective flow past a semi-infinite vertical
plate with fluctuating surface temperature. Sahin Ahmed et al.[24] explored the
Laplace Technique on Magneto Hydrodynamic Radiating and Chemically
Reacting Fluid over an Infinite Vertical Surface. The MHD free convective flow
across an exponentially accelerated vertical plate with variable temperature and
variable mass diffusion has been explored by Vijaya et al. [25]. The literature has
not yet explored the impact of natural convective heat and mass transfer of an
incompressible fluid flowing past a parabolic-started vertical plate with variable

(33)
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temperature and uniform mass flux.

This study aims to investigate the impact of a laminar free convective flow of an
incompressible fluid past on a vertical plate begun at a parabolic angle and
subjected to a constant mass flux as the temperature of the plate varies. The
laplace transform approach is used to solve the governing equations.

MATHEMATICAL FORMULATION

The unsteady flow of a viscous incompressible fluid past a parabolic starting infinite vertical
plate with changing temperature and uniform mass flux was investigated in this paper. The
fluid under consideration here is gray and absorbs-emits radiation, but it is not a scattering
medium. The x-axis runs vertically up the plate, whereas the y-axis runs normal to the plate.

At first, it is assumed that the plate and fluid are both at the same temperature T. and have
the same concentration C_ level atall spots. The plate is given a parabolic motion in its own
plane with velocity u=u,? at time t > 0. Simultaneously, the plate temperature rises

linearly with time ¢, and mass flux flows uniformly from the plate.

Then by usual Boussinesq's approximation, the unsteady flow is governed by the
following set of equations.

N s - 32, (D
§=gB(T—Tw)+8ﬂ (C —Co.,)+V57
2 (2)
pC aj."=k87;
P ot oy

ac_ ¢ O
— D
ot' dy’
With the following initial and boundary conditions

u=0,T=7.,C'=C., forally t'=0.

ac' 3 jn
v>0,u= ot T=T +(IL ~T)4r, 507 = T praty=0 (9)

u—0T—>T_,C'>C_asy—re

On introducing the following non — dimensional quantities:

(34)
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In equations (1) to (4) leads to
(6)
U 2
a—=Gr6 +G¢:C+a v
ot dY?

a_Bzi 2’6 (1)
dt ProY?

ac_rac ©
ot ScaY?

The initial and boundary conditions in non dimensional quantities are

U=00=0,C=0 Forall Y,t<0

oC
t>0, U=+3,0 =t, — =-1 tY=0 (9
Y : ©)

U—>00 —>0,C—>0AsY 500

METHODS OF SOLUTIONS
The dimensionless governing equations (6) to (8) and the corresponding initial and
boundary conditions (9) are tackled using Laplace transform technique.

The solutions to the unstable linear coupled partial differential equations of a viscous
flow have been derived in terms of exponential and complementary error functions using

the laplace transform approach.
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Vr/Se

(10)
= 2fl[M -nerfe(M E)J

(11)

0 =t[ﬁ+2n2 Pr}'rfcﬁafﬁ)— 2'1/\1?7 exp(-n’ Pr)J

2
U =£3—[(3+12n" +4n‘)erfc(n)—jn{—(10+m’)exP(-nz)]

(3+12n7 +4n*Jerfem) — (3+120* Pr+ 4 * () Yerfe@/Pr)

—at?
—%(10+4HZ)CXP(—312)+H:/C_(10+4‘1 Pr)exp(-n"* Pr)

:
T/4=<1+n2)exp(m2)—n(6+4n2>erfc<ﬂ>
T

— bt
= % (141 28¢) exp(—n 2Sc) +1 v/ Sc (6 + 4n > Sc)erfe( JSe)
o W " (12
Gr Gc
Where a= =

b=
6(1-Pr)” 3+/Sc(1-Sc)

Skin friction
The boundary layer produces a drag force on the plate due to the viscous

stresses which are developed at the wall. The viscous stress at the surface of the
plate is given by

__[duy,0)
%)
(13)

—1|r(-16) Gr Gett
“=2ﬁ[3(\/{) 6(1—Pr)(J_]€ ‘/_}3@(11156#6”6‘[5_0%
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RESULTSAND DISCUSSION

To getabetter understanding of the flow regime's mechanics, we investigated the
effects of thermal Grashof number Gr, mass Grashof number Gc, Prandtl number
Pr, Schmidt number Sc, and time t on velocity, temperature, concentration
profiles, and skin friction. Throughout the discussion, we consider Gr = Gc = 5
>0 (plate cooling), i.e., free convection current transport heat away from the plate
into the boundary layer, t=0.2, Pr=0.71 (air), Sc=0.16.

The influence of the Prandtl number Pr (Pr = 0.71, 2.0, 7.0) on the velocity
profiles at t=0.2 is seen in Figure 1. It is observed that when Pr grows, velocity
decreases. This is consistent with the physical reality that the thickness of the
thermal boundary layer decreases as Pr increases. Figure 2 depicts the effects of
time t on the velocity profile in the presence of air (Pr=0.71). Itis noted that as
the value of t increases, so does the velocity.

Figure 3 depicts the effect of various Schmidt numbers Sc (Sc =0.16, 0.6, 2.01)
on the velocity profile in the presence of air (Pr=0.71) at time t = 0.2. Sc here
denotes the relative efficacy of momentum and mass transmission via diffusion.
Furthermore, as Sc increases in magnitude, the momentum barrier layer shrinks.
Figure 4 depicts the influence of velocity in the presence of air (Pr=0.71) at time
t = 0.2 for various values of thermal Grashof number Gr and mass Grashof
number Gc. The velocity increases with increasing thermal or mass Grashof
number. This is because buoyancy force increases fluid velocity and the value of
GrorGec.

Tables 1 and 2 demonstrate the influence of skin friction for various values of
thermal Grashof number Gr, mass Grashof number Gc, Prandtl number Pr,
Schmidt number Sc, and time t. Table 1 illustrates the effect of skin friction in the
presence of air (Pr = 0.71) and Table 2 shows the effect of skin friction in the
presence of water (Pr=7.0). Inboth tables, we see that skin friction increases as
the mass Grashof number increases and skin friction increases as the Schmidt
number increases. Skin friction reduces as time t increases.

CONCLUSION

The transient free convection viscous flow past over a parabolic starting infinite
vertical plate with fluctuating temperature, generated by a uniform mass flux, has
been mathematically analyzed. For the momentum, energy, and mass
conservation equations, dimensionless governing equations are developed, and
solutions are achieved using the laplace transform approach. The study found
that as time t grows, so does the velocity, concentration, and temperature of the
plate. While the temperature and velocity of the plate increase, Pr drops and the
Schmidt number decreases.

The velocity of the plate increases as the thermal Grashof number Gr or the mass
Grashof number Ge increases. Skin friction increases with rising value of mass
Grashof number Ge or Schmidt number Sc, but the pattern reverses in time t.
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Table 1 Skin friction profiles for air

¥ Gr Ge Sc Pr T

0.2 2 5 0.6 0.71 -0.665949
0.2 5 5 0.16 0.71 -1.833723
0.2 5 5 0.6 0.71 -0.775495
0.2 5 5 2.01 0.71 -0.339745
0.2 5 10 0.6 0.71 -1.502981

0.4 5 5 0.6 0.71 -1.590762

0.6 5 5 0.6 0.71 -2.431920

Table 2 Skin friction profiles for water

T Gr Gc Sc Pr T

0.2 2 5 0.6 7 -0.629829
0.2 5 5 0.16 7 -1.743424
0.2 5 5 0.6 7 -0.685196
0.2 5 5 2.01 7 -0.249447
0.2 5 10 0.6 7 -1.412682
0.4 5 5 0.6 7 -1.335357
0.6 5 5 0.6 7 -1.962712
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FINDING MINIMUM TASK COMPLETION TIME USING FUZZY
CONCEPTS

K. Pramila

gri Chandrasekharendra Saraswathi ViswaMahavidyalaya

kpramila@kanchiuniv.ac.in

Abstract:-The study of scheduling problem has attracted many researchers in
various fields. Fuzzy set theory is a tool to handle uncertainty in scheduling
problems. Since in real situations information is imprecise or incomplete, many
researchers used fuzzy graph to represent the fuzzy relation. Also efficient
scheduling has become essential for manufacturing firms to survive in today's
intensely competitive business environment. In this work, a scheduling problem
is represented as a fuzzy graph in which the vertices are the tasks and the edges
shows the conflict between the tasks. Our aim is to find the minimum task
completion time of the scheduling problem which is equivalent to fuzzy
chromatic sum of the fuzzy graph which can be achieved by fuzzy coloring.

INTRODUCTION

Fuzzy graph theory is a branch of mathematics that extends traditional graph
theory by incorporating the concept of fuzziness. While traditional graph theory
deals with crisp, binary relationships between nodes, fuzzy graph theory allows
for degrees of membership or uncertainty in these relationships. This field is

useful when dealing with situations that involve imprecision, ambiguity, or
vagueness.

In classical graph theory, a graph is represented as a set of vertices (nodes)
connected by edges (links) that can be either present or absent. In contrast, fuzzy
graph theory introduces the concept of fuzzy edges, where the presence of a
connection between two nodes is represented by a degree of membership ranging
between 0 and 1. A value 1 represents a fully connected edge, while 0 indicates a

complete absence of the edge. Any value between 0 and 1 signifies a partial or
fuzzy connection.

Fuzzy graph theory provides a framework to analyse and model complex
systems where relationships between elements are not clearly defined. It finds

applicgt.ions in various domains, including decision-making, pattern
recognition, image processing, artificial intelligence and optimization.

By inCorporatmg fuzziness into graph theory, fuzzy graph theory provides a
more flexible and realistic representation of real-world problems. It allows for
the modelling and analysis of complex systems that involve uncertain or

imprecise data, leading to more accurate decision-making and problem- solving
In various domains.
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LITERATURE REVIEW rue or cannot be false but it lieg

t
—_— ents cannot be
In real life situatcH Som:‘ Stat‘la\r/rc: this discourse, the unused concept of fuzzy set
0 SO

etween true and false i rofessor Lofti Asker Zadeh in 1965
an fuzzy relation terms wsgl;n;(:ciluiflejal;iyo; scientific areas. In between 1970
[1]. Theseconceptsare V:’lsed in decision making prob!em which cr(?ated a l_’lg
e 801tl:;386 g?:ﬁ:fsmaf He described the fuzzy set by 1ts membership function
revolution :

“’hiChdheS 2;::: 251’:}1}5 are not only used in engineering science but also i.n :
Ttjlzzivicaii)allsreas. On this extension, the fuzzy graph wa; tctlli:ﬁfr:lezd by I:agt;inail irlln
1973. But later, ProfessorAzricl Rosenfeld develope zy graph by using

: fuzzy setin 1975 [2]-

relation on .
the concept of fuzzy duced the fuzzy graph coloring of fuzzy graph

C. Eslahchi and B.N. Onagh intro .
[3] lISl 2006. There are two different ways of coloring a fuzzy graph. The first

type of coloring a fuzzy graph with crisp vertex set and fuzzy edge set and the

second type is with fuzzy vertex set and fuzzy edge set. They explained the

chromatic fuzzy sum of fuzzy graph in detailed manner by considering the j.ob
scheduling problem. On coloring the vertices th'e minimum sum colo1:mg
problem (MSC) has a novel application in scheduling theory. They consider
scheduling n jobs on a single machine. To allocate the requirements, the
constraints are given by a conflict graph G i.e. the vertices are represented as a
processors and the edges are represented as competition on resources, if two
vertices are adjacent then the corresponding processors cannot process their jobs
simultaneously. The concept of chromatic number of fuzzy graph was
introduced by Munoz etal [4] in 2004. They explained a way of approach for
obtaining the chromatic number of the coloring function

In [5] and [6] T. Pathinathanetal and SenthilrajSwaminathan gave an model
problem for the above concept. The minimum number of colors required for
vertex coloring of a graph 'G' is called the chromatic number of G and it is
denoted as x(G). .
In 2009,Lavanyaetal [7] discussed the total coloring of fuzzy graph. They
introduced the concept of total coloring of fuzzy graph by considering the fuzzy
verFe)f §et and the fuzzy edge set and defines the total coloring. In 2014
Anjalikishore and Sunitha [9] gave an algorithm to find the chromatic number oi‘

- crisp graph. Later, this algorithm was d :
number of fuzzy graph also. eveloped to find a fuzzy chromatic

(1:1(1) nt;lhllse;vork., we appligd grgph coloring technique to find the minimum job
npletion time which is equivalent to fuzzy chromatic sum of the fuzzy graph
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¢ DEFINITIONS

ASI

Deﬁnition 1.3.1 [10]:
graph G = (V, o, ) is an algebraic structure of non empty set V together with a pair
otions 0 : v—[0,1]and p: VxV — [0,1] such that forall u,v €V, u(u, v) Sa(u) A
fon is a symmetric fuzzy relation on 6. Here o(u) and p(u, v) represents the

o(\rr)n;f;?sgip values of the vertex u and of the edge (u, v) in G respectively.
me

Example:
Consider
consider G- (0, is a fuzzy graph with the underlying set V={a,b,c,d} where o : v -],
yxp - [01] are defined as 0(a)=02, 6()=0.5, 0(c)=07, c(d)=1; u(ab)=0.1,

16,0)=06, 1@)=05: u(e,d)=09, n(d,a)=04.
Fig 1.3.1 Fuzzy Graph G

Definition 1.3.2 [10]: |
The fuzzy graph G = (V; o, ) the elements V and E called vertices and edges of G,

respectively, two vertices x and y in G are called adjacentif (1/2) min {o(x), o(y)} < n(xy).

Definition 1.3.3 [10]: .
The edge xy of G is calledstrong edge if x and y are adjacent otherwise it called weak

edge.(i.¢) Strong if 1(1/2) min {o(x), o(y)} < p(xy)., otherwise weak.

Definition 1.3.4 [10]:
The fuzzy graph G = (V; o, ) is called a complete fuzzy graph if p(uv) < o(u) A o(v) for all

,vEVanduv€E.

Definition 1.3.5:

LetG=(V, E) be a graph. A vertex —coloring of G is an assignment of a color to
each of the vertices of G in such a way that adjacent vertices are assigned
different colors. If the colors are chosen from a set of k colors, then the vertex —
coloring is called a k — vertex — coloring, abbreviated to k — coloring, whether or
notall k colors are used.

¢ d
Fig 1.3.2 Fuzzy Graph with 4 coloring
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Definition 1.3.6 [3]: |
A family T = {y;, 1... i} of fuzzy sets ona set Vis called ak

—fuzzy coloring of
G=(V,0, p)if

(1) VIl=g,

(i) v Ay =0, . PN
(iii) For e\lrery strong edge (, y) (i.e., p(x, y) > 0) of G, min {¥i(x), i(y)} = 0 (1<i<k),

Definition1.3.7: .
If G has ak —coloring, then G is said to be k—colourable.

Definition 1.3.8: ' .
The smallest k, such that G is k — colourable, is called the chromatic

number of G and it is denoted by y(G).
Definition 1.3.9:

The minimum number k for which there exist a k — fuzzy coloring is called
the fuzzy chromatic number of G, denoted as y'(G).

Definition 1.3.10 [3]:
For a k- fuzzy coloringl’ = {y},y,, ... ...y} of a fuzzy graph of G,

- Chromatic fuzzy sum of
G denoted by Z(G) is defined as

Zr(6) =1 Zeec, 61(x) + 2ec, 02(X) + oot k szck By (x) |

Where C; = supp ¥; and 6;(x) = max {o(x) + 1 (xy)/ y € C}.

Definition 1.3.11[3]:
The Chromatic fuzzy sum of G denoted by Z(G) is defined as follows

2(G) =min {g%c) is fuzzy coloring)

Then, the number of fuzzy coloring of G s finite and so there exists a fuzzy Iy which is
called minimum fuzzy coloring of G is such that ZG)=Zr (6)
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Jof

Algorithm to Find Chromatic Number of a Fuzzy Graph [9)]

. nitialize k' =0.

2: If VI = 0, return (G) = 0.

gtep 3; Choose a collection of a fuzzy sets {yy, ¥z, «. ..., ¥, } Where

(% o)} U {( o(w) / pupuy)=0,i#j}
ere U stands for standard fuzzy union), such that
n(ttpttm) = 0, Birtim € ¥, i#m
ep 4: 1f3 2 subfamily T' = { ¥1:¥2s w+-» ¥ } such that y;Ay; =0,
i#5,5,]= 12 k and qu ly;| is maximum , let
s=v-UL ¥ .
Step 3 If|S| # 0,

yj(ui) = {

S

{Ifk = 1, then x(G) = 1 and Go to step 7
else if 1 <k < n, assign colorC; toy § and then x(G) = k and
Go to step 7.
}
step 6: While [S| # 0
Assigncolor G; toy 5,j=1,2, ... Jk and then x(G) =k.

Letk =x(G) +k.
Put G = {5} and Go to step 3.

Step 7: x(G) =k + k.
Step 8: End.

Minimum Job Completion Time of a Scheduling Problem

In our daily life, scheduling problems are important. For example, in a
manufacturing plant, scheduling jobs to minimize the total time consumption is
very much essential for a firm to survive in present competitive business world.
The study of scheduling problem has attracted researchers from various fields.
Permutation flow shop sequencing problems have long been a topic of interest
for the researchers & practitioners in this field. Recently the objective of
minimizing total flow time, total completion time if all jobs are available for
Processing at the beginning, has attracted more attention from researchers.

In scheduling problems, the objective is often to find the minimum job
Completion time, also known as the make span. The make span refers to the totz'll
time required to complete all the jobs in the schedule. The scheduling problem 18

(131)
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typically represented as a set of jobs (j) and a set of machines (M). Each o
consists of a sequence of tasks that need to be processed, al.ld each task requireg 5
certain amount of time to be completed ona specific machine. The goal is to finq
an optimal assignment of tasks to machines such that the make span g
minimized.

In real world, everything is uncertain and hence complf:xit.y arises in all fields, T
overcome this uncertainty, the concept of fuzzy 1n introduced and many
researches are developed for the past decades. Hence in the field of scheduling
also fuzzy environment is introduced as the processing times of jobs may be
uncertain due to incomplete knowledge or uncertain time.

In this work, minimum job completion of time in a sequencing problem ig
discussed using fuzzy concepts. Consider scheduling n jobs on a single machine,
At any given tirile‘, the machine is capable to perform any number of tasks, as
long as these tasks are independent or the conflicts between the tasks are less than
a number which depends on the choice of the problem. Any of the tasks consume
some time of the machine. Let x and y be two tasks with some conflict. Suppose
that the machine is capable to perform on x and y simultaneously, in this case, the
amount of time that machine spends on x (or y) depends on the individual amount
of time which previously was spent on x (or y) together with the measure of the
conflict betweenx and y.

Our goal is to minimize the average response time, or equivalently to minimize the sum of
the task completion time. In order to solve this problem a fuzzy graph5 =(X,o,), is defined
where X is the set of all tasks, o(x) is the amount of the consuming time of the machine for
each x € X, and p(xy) is the measure of the conflict between the tasks x and y. Finding the
minimum value of the job completion time for this pr oblem is equivalent to the chromatic

fuzzy sum of G.

Finding minimum completion time for scheduling 7 tasks on a single
machine

Assumption:
Assume that at any time the machine is capable to perform any number of

tasks and these tasks are independent or conflicts between them are less than
one.

The time consumption for the tasks is as given below:
For task 1 and 4 is 0.2hrs

For task 3 is 0.5hrs

For task 5 and 7 is 0.4hrs

For task 2 and 6 is 0.7hrs

Also,
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Jolume 05,

Task {(1s 2),(4,5),(5,7)} conflict together with 0.3
i 3h

rask (- 3),(3,4).(5,6)} conflict together with 0.5 hﬁﬂf-i

Task {(, 4)’(1-’5)’(2’4)’(4’7)} conflict together with 0.8 h

Task {(6; 7} is conflict with 0.9 hours .8 hours

u) be the fuzzy graph representin :
g the given job .
k . - job scheduling probl
i s, and o(x) is the ar.nount of time consumption of machignp fi em where
and (6 Y) 8 the measure of the conflict between the tasks x and y. Th e lor eachx €V
time for this problem 15 equivalent to the chromatic sum of G Toyﬁnd en, the job f:ompletion
color the fuzzy graph following the colouring technique of ' o hthe chromatic number;
fuzzy graph.

Let6=%0
is the set of all tas

The fuzzy graph G = (V, o, ) is defined as follows:
LetV= (1,2, 3,4,5,6, 7}
02, fori= : 3
L o 03, for ij = {(12).(45),(57)}
50)=1 o fori=57 "+ 0D 7 05, for i) = (1), (34), (5}
07 furia 216 0.8,fori,j= {(1,4),(15),(24), 47N}
’ 0.9, for i,j = {(6,7)}

The conflict graph for the above scheduling problem

vl
\

E:tzzy Graph of the Scheduling Problem
us find the fuzzy chromatic number of this compatibility graph
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Let | = {y1. Y2, ...y} be a family of fuzzy set defined on V where,

{05, feri=3 0.4,fori=>5
Y1) = 0, otherwise ra() = 0, otherwise

+_[0.7,fori=6 _[0.2,fori=1
Ya(i) = 0, otherwise * W)= 0, otherwise

. (04, fori=7 ={0.2,fori=4
Ys(1) = 0, otherwise '8 (1 0, otherwise

vi

)

'

V3

Fig 3.2.4Coloring of the Fuzzy Graph Using |

Vertex |y, |1, Ys |Ya |¥Ys |Ye |¥Y; |Max
1 0| 0020 0 | 02
2 01 0]07]o0 0.7 | 07
3 051 0 0 0 0 0 0.5
4 O 1ol otololo2l0T o2
5 0 [ 041 0 0| 0 0 04
6 0 0 (071 o 0 0 07
7 Ol ool oTlosl 0T 0oz
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above table, we canl see that [ satisfies all the properties of k- fuzzy coloring

From the G has 7-coloring and x'(G) =7

Therefor® , .
s 7- coloring, 1 chromatic number is calculated as follows:
For tht

c= {167 (2}, C= {3}, C= {4}, C= {5}, C= {6}, C= {7}

Then,
8,(1) = max {0.2+0, 0.2+0} = 0.2
f,(2) = max {0.7+0, 0.7+0} = 0.7
65(3) = max {0.5+0, 0.5+0} = 0.5
f4(4) = max {0.2+0,0.2+0} =0.2
8 (5) = max {0.4+0,0.4+0} = 0.4
8,(6) = max {0.7+0, 0.7+0} = 0.7
B,(7) = max {0.4+0, 0.4+0} =0.4

Therefore, the I, - chromatic sum of G is,

Zr(G) = 12.:5&3 61 (X) + 22.:563 6‘.2 (X) o kz'xeck ek(x)

Zr(6) = 1(0.2)+2(0.7)+3(0.5)+4(0.21+5(0.4)+6(0.7)+7(0.4)
=12.9

We can find another family of fuzzy set defined on V with
[2= {11, 72, Y3, Y4} Where,

{0.2{0.7, fori=2
10704, fori=7 1

. _{05,fori=3 02,fori=4
¥ = ' 1) = '
) {0.4, fori=5 vs() {0, otherwise
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Vi v?

Ve

Fig 3.2.5 Coloring of the Fuzzy Graph Using T,

Vertex | ¥y | ¥z | ¥3 | ¥s | Max
1 021 0] 0] 0| 02
2 0107/ 01 0| 0.7
3 | 0]01]05]0105
4 0O]0] 01]02] 02
5 01010401 04
6 0710 0|0 07
7 0 104 00| 04

Therefore, the r,- chromatic sum of G 18,

ZPZ(G) =1(0.2+0.7) + 2(0.7+0.4) +3(0.5+0.4) + 4(0.2)
=1(0.9)+2( 1.1)+3(0.9)+4(0.2) = 6.6
Let T3= {y1, Y2, ¥3, Y4} be a family of fuzzy set defined on V where

b

0.7, fori=2 0.4 =t
1) ={05.for i = 3y, - {34 For 1=
0.7,fori=6 s Otherwise
. 0.2, fori=1 0.2, fori=4
¥s() = {0.4, fori=7"% ()= {ﬂ, otherwise
(136)
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Vertex [yy [y2 |rys |ve |Max
1 0 0 02 |0 0.2
i 2 07 10 0 0 0.7
R} 05 |0 0 0 0.5
4 0 0 0 02 |02
5 0 04 |0 0 0.4
6 07 {0 0 0 0.7
7 0 0 04 |0 04
VerteX v, Y2 Y3 Ya Max
Fig 3.2.6 Coloring of the Fuzzy Graph Using I3 1 0 0 02 0 02
2 07 0 0 0 0.7

the above table, we can see that r,statisfied

la:nog:e propemes of k-fuzzy coloring. 05 0 0 0 05
Therefore, G has 4 coloring and 1(G)=4 4 o 0 0 02 02
Therefore, the r - chromatic sum of G is, 5 0 04 0 0 04
5 (G) =1(0.740.5+0.7) + 2(0.4) +3(0.2+04) +4(02) 6 07 0 0 0 07

=1(1.9) +2(0. 4) +3(0.6) +4(0. 2) ] 0 0 04 0 04

=53

Let [y= {11, 72 Y3} be a family of fuzzy set defined on V where,
0.7,fori=2 0.2, fori=4 , 02 fori=1
{ 6 Y3l

M= gi’;g: z_z_ éyz W)= 0.7, fori= 0.4, fori=7
4, =

Vertex 71 Y2 ys | Max

1 0 0 02 |02

2 0.7 0 0 0.7

3 0.5 0 0 0.5

4 0 0.2 0 0.2

5 4 [0 |0 |04 |

6 0 0.7 0 0.7

7 0 1o |04 |04 |

Fig 3.2.7Coloring of the Fuzzy Graph Using T,
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From the above table, we can see that r,statisfies all the properties of

k-fuzzy coloring, ,
Therefore, G has 3coloring and % (G) =‘3
Therefore, the r, - chromatic sum of G 15,

Zr,(6) = 1(0.7+0.5+0.4) + 2(0.2+0.7) + 3(02+0.4) = 1(1.6) + 2(0.9) +3(0.6) = 5.5

RESULT

Therefore, the fuzzy chromatic sum of G is

% (G)=min {r}, r, 354 } = min {12.9, 6.6, 5.3,5.2} =52

The fuzzy chromatic sum of G is 5.2
Therefore, the minimum time of task completion time

of the problem is 5.2hrs.

CONCLUSION

Fuzzy set theory has many applications in all fields including
management, medical field, industry, etc., especially in industrial world,
its role is very much important, In the competitive business world,
processing jobs in optimised time is essential. In this wok, a scheduling
problem with seven tasks along with their time consumption is
considered. The tasks are independent or conflicts between them are less
than one. The aim of the work is to find minimum task completion time,
for which the conflict graph of the problem is modelled as a fuzzy graph.
The minimum time taken is equivalent to fuzzy chromatic sum of the
fuzzy graph. Hence to find the chromatic sum, chromatic number of the
graph is found, which is found as three. The fuzzy chromatic sum is
5.2.Hence the minimum task completion time of all tasks is found to be
5.2 hours.
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Abstract: This study reports the comparative deviations in experimental viscosity, density and
ultrasonic velocity of two new ethanol-based binary liquid mixtures (ethanol + 1-hexanol and
ethanol + 1-octanol) at 303.15 K by applying various theoretical models (Hind relation (nH), Kendall
and Monroe relation (nK-M), Bingham relation (nB), Arrhenius-Eyring relation (WAE), Croenauer-
Rothfus Kermore relation (nCRK) and Gambrill relation (nG)). Typically, the experimental densities
are compared with theoretical methods like the Mchaweh—Nasrifar-Mashfeghian model (-MNM),
Hankinson and Thomson model (pHT), Yamada and Gunn model (pYG) and Reid et al. (pR) model.
Additionally, the experimental ultrasonic velocities are compared with various theoretical models
like the Nomoto relation (UN), Van Dael and Vangeel relation (UIMR), Impedance relation (UIR),
Rao’s specific velocity relation (UR) and Junjie relation (U]). The average percentage of deviation
(APD) is determined to identify the most suited model that can closely agree to the experimental
values of the specified property (viscosity, density and ultrasonic velocity). From the APD values,
it may be concluded that the nK-M model is the most suitable theoretical method for estimating
the viscosity for the ethanol + 1-hexanol system, and the Gambrill model is the suitable method for
estimating viscosity for ethanol + 1-octanol liquid systems. Similarly, the model of Reid et al. and
Jungie’s relation are the most suited theoretical models to predict the density and ultrasonic velocity
of the binary liquid systems, respectively. Form the experimental data, various molecular interaction
properties like adiabatic compressibility, intermolecular free length, free volume, internal pressure,
and viscous relaxation time are analysed. The results of this study are expected to be useful in
predicting the suitable molecular proportions that can be suited for industrial application (flavouring
additive, insecticide, in the manufacture of antiseptics, perfumes for 1-hexanol based mixtures and
flavouring, and as an antifoaming agent for 1-octanol based liquid mixtures).

Keywords: molecular binary mixtures; liquid; theoretical models; thermophysical properties; deviation

1. Introduction

Over the last three decades, significant progress has been witnessed in the theoretical
understanding of liquid-liquid binary mixtures [1,2], keeping in view that the prediction of
the few important properties like density, viscosity, and the excess properties, is related to
their engineering performance. Studies on the theoretical modelling of thermodynamic and
engineering properties have been carried out on alcohol-based binary/ternary mixtures like
water and ethanol [3], 1,3,5-trimethyladamantane + 1,2,3 4-tetrahydronaphthalene + n-octanol
and corresponding binary systems [4], n-hexane, ethanol, and cyclopentyl methyl ether [5],
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pentanol + ethyl cyclohexane + methyl myristate and corresponding binary systems [6] and
ethylene glycol-based ternary mixture [7]. The knowledge of the thermodynamic and transport
properties of alcohol-based binary mixtures can be used to develop theoretical models and for
the design of new technologies. Importantly, information on the dynamic viscosity of liquid mix-
tures can be used in chemical engineering calculations involving fluid, heat, and mass transfer [8].
The experimental viscosity data of ethanol-based liquid mixtures (ethanol + 1-hexanol and
ethanol + 1-heptanol) have been reported [9]. The viscosity for binary mixtures containing
n-hexanol and ethyl valerate or hexyl acetate, as well the details on negative viscosity deviations
over the entire composition have been presented [10]. The viscosity of binary systems con-
taining n-hexanol and other related details has been reported [11-14]. The deviation in the
viscosity data was correlated with its composition using polynomial models, and details
on the interpretation of molecular interactions, as well as on the transport and ultrasound
properties of binary liquid solutions are presented [15-21]. Studies on viscosity, a trans-
port property, have been used in terms of modelling and simulation, and the activation
energy values as determined by Arrhenius plots have been detailed [22,23]. It has been
notified that liquid viscosity is highly affected by the heat and decreases with an increase
in temperature [22]. Most liquids have an exponential relationship between temperature
and viscosity rather than linear dependence.

Ultrasonic properties and their variation within the composition of the binary mixture
are useful to design engineering processes and in chemical and biological industries. Ultra-
sonic velocity is useful to investigate the molecular interactions between the components of
the mixture. The measurement of ultrasonic velocity is the only direct method to determine
isentropic compressibility, which then provides further access to the related thermodynamic
properties of the liquids and liquid mixtures [24-26]. Ultrasound measurements are one
of the most widely used techniques in the investigation of liquids and are essential in the
construction and validation of fundamental equations of its state.

The present investigation is focused on the first-time theoretical evaluation of the viscos-
ity, density and ultrasonic properties of two binary liquid mixtures: ethanol + 1-hexanol and
ethanol + 1-octanol at 303.15 K, to decide on the deviation of the values of the properties as
well to know the average percentage of deviation (APD). In this work, the experimental value
of the properties was taken as reference from the literature [27]. The experimental viscosities
were compared with various theoretical methods like the Hind relation (nH) [28], Kendall
and Monroe relation (nK-M) [29], Bingham relation (nB), Arrhenius-Eyring relation (nAE),
Croenauer—Rothfus Kermore relation (NCRK) and Gambrill relation mG) [30]. Turning to the
other study in this work, the experimental densities were compared by deriving the values
through theoretical methods like the Mchaweh—Nasrifar-Mashfeghian model (pMNM) [31],
Hankinson and Thomson model (pHT) [32], Yamada and Gunn model (pYG) [33] and
Reid et al. model (pR) [34]. Also, this work reports on the comparison of experimental
ultrasonic velocities using various theoretical methods like the Nomoto relation (UN) [35],
Van Dael and Vangeel relation (Uimr) [36], Impedance relation (UIR) [37], Rao’s specific
velocity relation (UR) [38] and the Junjie relation (UJ) [39]. The APD was determined to
identify the most suited method that agrees with the experimental values. From the experi-
mental values of density, viscosity and ultrasonic velocity, various molecular interaction
properties like adiabatic compressibility, intermolecular free length, free volume, internal
pressure, viscous relaxation time and their excess properties were analysed.

2. Experimental Details

The binary mixtures were prepared from Analar-grade ethanol (E-Merck chemicals,
Darmstadt, Germany), 1-hexanol, and 1-octanol (S.D Fine Chemicals Ltd., India) (27).
Ethanol, 1-hexanol, and 1-octanol were purified by the methods described in the litera-
ture [40,41]. The binary mixtures of ethanol with 1-hexanol and 1-octanol were prepared
by weighing an appropriate volume of each liquid component and were kept in special
airtight bottles. All solutions were prepared in a dry bog. Viscosities were determined
using a Cannon-Ubbelhode viscometer [27,42] calibrated with triple-distilled water. The
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viscometer containing test liquids was kept for about 20 min in a thermostatic water bath
and the temperature fluctuation in the viscometer measurement was minimized. The
overall experimental uncertainty was estimated to be 1.5 x 10~3. The densities of pure
liquids and binary mixtures were measured using a single-stem pycnometer (made of Pyrex
glass) with a bulb capacity of 8 x 1072 dm? and with a graduated stem of 5.0 x 1077 dm~3
divisions. The ultrasonic velocities of pure liquids and their mixtures were measured using
a single-frequency ultrasonic interferometer operating at 3 MHz with an uncertainty of
+0.05% and a temperature (£0.02 K) maintained in a thermostatic water bath [27]. The
values of densities and viscosities at 303.15 K were determined precisely up to -0.01 kgm 3
and 43 x 107% Nsm 2, respectively. The Cannon-Ubbelhode viscometer is conceptually
simple: the time it takes a volume of solute to flow through a thin capillary is compared to
the time for a solvent flow. It turns out that the flow time for either is proportional to the
viscosity, and inversely to the density.

The relative viscosity is determined using the ratio M,,; = N1, /Nsolvent 1

3. Results and Discussions
3.1. Viscosity Studies

The viscosity of a liquid is affected by many factors such as temperature, size, molecu-
lar weight, inter-molecular forces and the presence of impurities. Viscosity determination
helps in understanding the molecular interactions and properties of binary and ternary
liquid systems. It is to be noted that attractive interactions can cause an increase in the
viscosity of these systems. Regardless of the fact that viscosities can be used as the base
data in a simulation, equipment design, solution theory or molecular dynamics, it is also
essential in designing calculations involving heat transfer, mass transfer and fluid flow.
The accurate prediction of the viscosities of binary mixtures is considered very impor-
tant considering the above facts. A large number of viscosity models have been applied,
but few reviews have described the application prospects of the models [43,44]. Mod-
els that describe the viscosity of liquid mixtures can be classified into two categories:
(i) empirical equations using only one adjusting parameter and simple algebraic formula-
tions [28], and (ii) semi-empirical models which are deduced based on different theories,
like Eyring’s absolute reaction-rate theory, the theory of corresponding states, and molecular
dynamic models [45].

Table 1 infers the deviation between the experimental and the literature values for
pure components.

Table 1. Experimental values of the viscosity, density and ultrasonic velocity of pure liquids.

Liquid Density (kg/m?3) Viscosity (x10—3 Nsm~—2) Ultrasonic Velocity (m/s)
Expt [27] Literature Expt [27] Literature Expt [27] Literature
Ethanol 783.9 780.5 [46] 1.0090 0.983 [46] 1133.3 1130 [46]
1-Hexanol 807.6 810.0 [47] 3.8951 3.513 [47] 1281.7 1289 [47]
1-Octanol 817.2 803.03 [48] 6.4931 5.9424 [48] 1327.5 1329 [48]
APD of experimental and 0.80% 7 59, 0.3%

literature value

The viscosity of the binary liquid mixtures was calculated using the Hind relation,
Kendall and Monroe relation, Bingham relation, Arrhenius-Eyring relation, Croenauer—
Rothfus Kermore relation and Gambrill relation as detailed below:

Hind relation (ny)

The following relations were proposed for the evaluation of the viscosity of binary
liquid systems by Hind et al. [28]:
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Average Percentage of Deviation(APD) = EZ

1 = xim + X312 + 2x1x0Hip )

Hyp = <’7 - Uélelc) / (2x122) iy = X1+ 2312 ®)

where x is the mole fraction, 1 is the viscosity, the subscripts 1 and 2 refer to the components
1 and 2, respectively, and Hj, refers to cross-pair interactions, which can be obtained from
Equation (3).

Kendall and Monroe relation (nxy) [29]

Kendall and Monroe derived an equation for the analysis of viscosity of binary liquid
systems based on a zero-adjustable parameter:

= (i + 3 %) @
where X1, x; and 11, 115 are the mole fraction and viscosity of the pure component, respectively.
Bingham relation (np) [30]

Bingham derived an equation for the analysis of viscosity of binary liquid systems
based on a zero-adjustable parameter:

m = (X111 + x1771) @)

Arrhenius-Eyring relation (nag) [30]
Arrhenius derived an equation for the analysis of viscosity of binary liquid systems
based on a zero-adjustable parameter.

lognm = x1logn1 + x2lognn 6)

Croenauer—-Rothfus Kermore relation (ncrg) [30]:

logu,, = Xx;log(v;) (7)

Gambirill relation (ng) [30]:
v}n/g’ = invl/3 8)

i
where vy, is the kinematic viscosity of mixture, whereas x; and v; are the mole fraction and
kinematic viscosity of individual pure liquids.

1 _ (Experimental values — Theoretical Values)
Experimental Values

x 100 ©)

Tables 2 and 3 present the experimental and theoretical viscosities predicted by various
models for binary liquid systems ethanol + 1-hexanol and ethanol + 1-octanol at 303.15 K.
Irrespective of the theoretical models, the common prediction is that the relative 1 increases
with the increase in the concentration of 1-hexanol/1-octanol. The 1 is the minimum
at the lower 1-hexanol/1-octanol concentration, and with the concentration range (1.00)
1 becomes maximum. The increasing frictional forces are expected to arise from the pres-
ence of more carbon atoms in the linear chain of alcohol and the molecular layers formed
between the lower-carbon and higher-carbon containing alcohol and to be the reason
for the increase in values with concentration of the higher-carbon number containing
alcohol [22]. From Tables 2 and 3, it can be observed that there are differences in the
theoretical values of the viscosities of the ethanol + 1-hexanol and ethanol + 1-octanol
binary mixtures at 303.15 K compared to the experimental values. The reason for the
difference is ascribed to the limitations and approximation incorporated in these theo-
ries. In the ethanol + 1-hexanol binary liquid system, it is observed that the APD, as
derived from the theoretical values of 11 calculated by using various theoretical models
(Hind relation, Kendall and Monroe relation, Bingham relation, Arrhenius-Eyring relation,
Croenauer—Rothfus Kermore relation and Gambrill relation), follow the trend Ang = Ang
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> Anag >Ancrk > Ang > Angu. This study infers that the APD of 1 is more in the Hind
model and Bingham model and less in the Kendall and Monroe model. Furthermore,
within Table 2, it can be noticed that the Kendall and Monroe model is the most suitable
theoretical model for predicting viscosity for ethanol + 1-hexanol binary liquid systems.

Table 2. Experimental and theoretical viscosity of binary liquid system of Ethanol + 1-Hexanol

at 303.15 K.
Theoretical Viscosity (x10~3 Nsm~2)
Fral:’:io(}lel of (Experi‘rlrl\seclftsallt};/alues) Hind Kel:/‘[iil:oaend Bingham Arrhenius- C;?:tr}l;z:r Gambrill
Ethanol %«10-3 Nsm—2 Relation Relation Relation Eyring Kermore Relation
Mp) i) mB) Relation (N af) Itelation ng)
NCRK)
0.00 3.8951 3.8951 3.8424 3.8951 3.8951 3.8950 4.1085
0.14 3.3639 3.4815 3.2784 3.4815 3.2096 3.2152 3.5068
0.28 2.8872 3.0829 2.7899 3.0829 2.6634 2.6701 2.9834
0.49 2.2414 2.4895 2.1564 2.4895 2.0175 2.0241 2.3057
0.64 1.8073 2.0341 1.7412 2.0341 1.6302 1.6354 1.8616
0.77 1.5088 1.6754 1.4545 1.6754 1.3782 1.3814 1.5546
0.87 1.2795 1.3865 1.2480 1.3865 1.2039 1.2049 1.3330
0.95 1.0933 1.1463 1.0920 1.1463 1.0760 1.0768 1.1675
1.00 1.0090 1.0090 1.0089 1.0090 1.0090 1.0088 1.0784
APD from experimental values —6.46% 2.32% —6.46% 5.35% 5.21% —4.43%

Table 3. Experimental and theoretical viscosity of binary liquid system of Ethanol + 1-Octanol

at 303.15 K.
Theoretical Viscosity (x10~3 Nsm~2)
Fr;::?;ﬁ of (Experi‘rl;secr(l)tsallt}{/alues) Hind Kic[?;ljolnd Bingham Arrhenius— C;?oetr}ljfllizr Gambrill
Fthanol «10-3 Nsm—2 Relation Relation Relation Eyring Kermore Relation
Mn) i) M) Relation (N ag) R(elation ng)
NCRK)
0.00 6.4931 6.4931 6.3727 6.4931 6.4931 6.4930 6.8147
0.13 5.4708 5.7796 5.2978 5.7796 5.0963 5.11579 5.6738
0.24 4.6068 5.1604 4.4692 5.1604 4.1302 4.1588 4.7932
0.33 4.0015 4.6619 3.8686 4.6619 3.4871 3.5194 4.1542
0.55 2.9218 3.4894 2.6733 3.4894 2.3420 2.3707 2.8753
0.70 2.1685 2.6657 2.0006 2.6657 1.7707 1.7871 2.1461
0.81 1.6888 2.0542 1.5818 2.0542 1.4388 1.4459 1.6916
0.89 1.3623 1.5859 1.3039 1.5859 1.2273 1.2295 1.3922
0.96 1.1211 1.2272 1.1146 1.2272 1.0866 1.0871 1.1904
1.00 1.0090 1.0090 1.0089 1.0090 1.0090 1.0089 1.0783
APD from experimental values —12.41% 3.88% —12.41% 9.60% 9.19% —2.93%

Regarding the results derived from the ethanol + 1-octanol binary liquid system, the
comparison of the experimental 1 with the value predicted from various theoretical models
is presented in Table 3. Additionally, the details of the APD are given in Table 3 which
follows the following trend: Any = Ang > Anag >Ancrk > Ankm > Ang. From the results,
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it can be concluded that the Gambrill model is the most suitable theoretical method for
estimating the viscosity for the Ethanol + 1-octanol binary liquid system.

3.2. Density Studies

Density is an important concept because it allows one to determine whether a sub-
stance with a specified density will float/sink in a liquid. Specifically, substances with a
lesser density than the density of the liquid will float in that liquid. Also, it is an important
physical property used in calculating the acoustic and physical properties of a substance
such as the molar refraction, dipole moment, boiling temperature and superficial tension.

The density of the binary liquid mixtures, taken for the present study, was calculated
using the Mchaweh—Nasrifar-Mashfeghian model (ppnm) [31], Hankinson and Thomson
model (pyT) [32], Yamada and Gunn model (pyg) [33] and Reid et al. model (pRr) [34] as
given by the following details:

Mchaweh-Nasrifar-Mashfeghian model (ppnm) [31]

Mchaweh, Nasrifar and Mashfeghian reported the following correlation:

Pmix = PemixP0mix (10)

where ppix is the density of the mixed solution, and pcmix is the critical density of the
mixture. The critical density of the mixture is calculated with the following equation:

N —3/47—
Pemix = [Zizl Xif / |43 (11)
where x; is the mole fraction, and p; is the critical density of the ith component.

Pomix = 1+ 1169773 +1.8187%/% — 2.6587>/3 + 2.1617%/3 (12)

mix mix mix mix
where the temperature-dependent variable Tpy is calculated by the following expression:
Tmix = 1 — Tymix /®%sRK (13)

In the above equation, Tynix is the reduced temperature of the mixed solution and
osri is the term from the original Soave Redlich-Kwong equation of the state. The reduced
temperature of the mixture is defined as

N
Trmix = T/Zizl xiTei (14)

where T is the critical temperature of the ith component. The parameter xgrk is defined
in terms of the reduced temperature (T):

ASRK = [1 +m (1 - Trmix) ]2 (15)
m = 0.480 + 1.574w,;, — 01762, (16)

The acentric factor of the solution wyy is calculated with the following expression:

Wiy = Zfil Xiwi (17)
where wj is the acentric factor of the ith component. The acentric factor is a measure of the
complexity of the molecule as formed in relation to a molecule with spherical symmetry of
a simple fluid for which w = 0.

Hankinson and Thomson model (pyr) [32]
The Hankinson-Thomson model (H-T) [21] is based on the corresponding state prin-
ciple and is valid for 0.25 < T, < 0.95. The density of the pure compound is defined by

o=pc/[VO(1-wv )] (18)
vO =1-1581 (1 TV 4 1.4390(1 — T,)%/3 — 0.8144(1 — T,) + 0.19045 (1 —T,)4/3 (19)
VD = (~0.296123 + 0.386914T; — 0.0427258T? — 0.0480645T; ) / (T, — 1.00001) (20)

The reduced temperature of the component is defined as
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T, =T/T;,

Yamada and Gunn model (pyg) [33]

The Yamada-Gunn model extended the Racket equation and requires the molecular
weight M, the critical density p., the reduced temperature T, and the acentric factor w:

p = pe(0.29056 — 0.08775w)~(1- 17" o

Reid et al. model (pRr) [34]

The Reid et al. model proposed an equation also based on the molecular weight,
critical density, reduced temperature and acentric factor:

0= pe [1 +0.85(1— T;) + (1.6916 + 0.984cw) (1 - T,)l/ﬂ (22)

The density values calculated using the Mchaweh—Nasrifar-Mashfeghian model, Hankin-
son and Thomson model, Yamada and Gunn model and Reid et al. model and their deviations
are presented in Tables 4 and 5. In both (ethanol + 1-hexanol and ethanol + 1-octanol) bi-
nary liquid systems, it was observed that the deviation of density takes the following order:
Apvnm > Apprt > Apyg > Apr. This study demonstrated that the APD of the density is more
in the Mchaweh-Nasrifar-Mashfeghian model and least in the Reid et al. model, amongst the
models used in this work. Also, the theoretical calculations made on the density of binary
mixtures using various models gave the conclusion that the density values estimated from
Reid et al. [34] are the most suitable ones for predicting the density of both binary mixtures,
Ethanol + h-Hexanol and Ethanol + 1-octanol. Thus, it is worth mentioning that the basic
assumptions used in the model of Reid et al. [34] and the assumptions applied in that model
are well-suited for estimating the closer value of the density for the studied binary mixtures.

Table 4. Experimental and theoretical density of binary liquid system of Ethanol + 1-Hexanol
at 303.15 K.

Theoretical Density (kg/m3)

Mole Fraction  Density (Experimental  njchaweh-Nasrifar— Hankinson and Yamada and .
of Ethanol Values) kg/m? Mashfeghian Thomson Model Gunn Model l\flisgile : al.)
Model (ppinm) (puT) (PyG) PR
0.00 807.6 654.2 844.9 839.7 839.2
0.14 805.6 656.6 847.9 842.9 842.2
0.28 802.9 658.8 850.5 845.6 844.7
0.49 798.6 661.5 853.6 848.9 847.8
0.64 794.8 663.3 855.2 850.6 849.5
0.77 791.2 664.4 855.9 851.5 850.4
0.87 787.7 665.1 856.1 851.8 850.7
0.95 785.7 665.5 856.0 851.8 850.7
1.00 783.9 665.6 855.9 851.6 850.7
APD from experimental 16.79% —7.25% —6.67% —6.55%

values
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Table 5. Experimental and theoretical density of binary liquid system of Ethanol + 1-Octanol at 303.15 K.

Mole Fraction

Density (Experimental

Theoretical Density (kg/m3)

Mchaweh—Nasrifar—

Hankinson and

Yamada and

of Ethanol Values) kg/m? Mashfeghian Thomson Model Gunn Model I\I/:Zildele ::1')
Model (pmnm) (pHT) (pyg) R
0.00 817.2 659.5 862.7 858.1 855.2
0.13 815.9 661.6 864.3 859.7 856.9
0.24 814.6 663.3 865.2 860.7 857.9
0.33 813.4 664.4 865.6 861.2 858.5
0.55 808.6 666.3 865.2 860.9 858.5
0.70 801.2 666.9 863.5 859.3 857.2
0.81 794.1 666.9 861.4 857.2 855.5
0.89 788.8 666.5 859.3 855.1 853.7
0.96 785.6 666.0 857.3 853.0 851.9
1.00 783.9 665.6 855.9 851.6 850.7
APD from experimental values 17.13 —7.46 —6.92 —6.66

3.3. Ultrasonic Velocity Studies

Studies on ultrasonic velocity are useful for extensive applications towards the evalua-
tion of the thermodynamic and physicochemical properties of simple, binary and ternary
mixtures [49,50]. Considering the extensive reports in the literature on binary mixtures,
it is understood that relatively less attention has been focused on the mixtures based on
ethanol [51-53]. In the present work, the experimental ultrasonic velocities are compared
with values derived through various theoretical methods: the Nomoto relation (Uyy) [35],
Van Dael and Vangeel relation (Upvr) [36], Impedance relation (Ur) [37], Rao’s specific
velocity relation (Ug) [38] and the Junjie relation (Uj) [39]. The experimental values, along
with the theoretical values calculated using various models, are presented in Tables 6 and 7
along with standard relations [35-39].

Table 6. Experimental and theoretical ultrasonic velocity of binary liquid system of Ethanol + 1-Hexanol

at 303.15 K.
Theoretical Ultrasonic Velocity (m/s)
Ultrasonic
Mole Fraction Velocity Van Dael and Rao’s Specific Junjie
orFtanal perinent | Newoto | Vol lmpedance S0 i,
alues) m/s (Une) Relation (UR) (Up

0.00 1281.7 1193.9 1281.7 1281.7 1192.3 1281.1
0.14 1270.6 1183.6 1188.1 1261.0 1172.1 1268.1
0.28 1257.9 1172.0 1131.8 1240.8 1152.8 1253.8
0.49 12459 1150.6 1088.0 1210.5 1124.5 1228.7
0.64 1217.3 1129.5 1079.0 1187.0 1103.1 1205.4
0.77 1194.0 1108.9 1085.7 1168.4 1086.4 1183.9
0.87 1177.3 1088.8 1100.2 1153.2 1073.1 1163.9
0.95 1145.3 1069.0 1119.2 1140.6 1062.1 1145.1
1.00 1133.3 1056.1 1133.3 1133.3 1055.9 1133.3
APD from experimental values 7.06% 6.49% 1.34% 8.24% 0.55%
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Table 7. Experimental and Theoretical Ultrasonic velocity of Binary liquid system of Ethanol + 1-Octanol

at 303.15 K.
Ultrasonic Theoretical Ultrasonic Velocity (m/s)
Mole Fraction Velocity N Van Dael and Rao’s Specific Junjie
of Ethanol (Experimental Relat(;zlr?:% ) Vangeel erll;gf)ia(lge ) Velocity Relation

Values) m/s N Relation (Ujy,,) R Relation (UR) (Up
0.00 1327.5 1234.6 1327.5 1327.5 1235.3 1327.3
0.13 1316.6 1224.8 1183.1 1303.1 1210.9 1314.1
0.24 1307.6 1214.8 1109.1 1281.8 1190.0 1300.9
0.33 1298.6 1205.5 1070.4 1264.4 1173.3 1289.0
0.55 1264.0 1177.5 1028.9 1223.1 1134.7 1255.1
0.70 1239.7 1150.2 1032.9 1193.7 1108.1 1224.3
0.81 1200.4 1123.5 1053.4 1171.6 1088.6 1196.3
0.89 1167.8 1097.6 1081.0 1154.5 1073.9 1170.9
0.96 1146.8 1073.3 1110.7 1141.3 1062.7 1148.5
1.00 1133.3 1056.1 1133.3 1133.3 1055.9 1133.3
APD from experimental values 6.79% 10.10% 1.66% 8.60% 0.33%

For the Ethanol + 1-hexanol binary liquid system, the following trend was noticed:
AUR > AUy > AUpvr > AUir > AUj. The calculations reveal that the APD of ultrasonic
velocity is the most when using Rao’s specific velocity relation [38] and is the least in
Jungie’s relation [39]. This leads to the conclusion that Jungie’s relation is the most suitable
theoretical method for estimating the ultrasonic velocity for the Ethanol + 1-hexanol binary
liquid system. In the case of the Ethanol + 1-octanol binary liquid system, it was observed
that deviation takes the order AUpg > AUg > AUy > AUjg > AUj. The APD of ultrasonic
velocity values as calculated from the Van Dael and Vangeel [36] relation were relatively
higher than those predicted by Jungie’s relation [39]. Thus, it can be concluded that Jungie’s
relation [39] is the most suitable theoretical method for estimating the ultrasonic velocity
for Ethanol + 1-octanol binary liquid system.

3.4. Molecular Interaction Properties

From the experimental values of density, viscosity and ultrasonic velocity [27], various
molecular interaction parameters like adiabatic compressibility, intermolecular free length,
free volume, internal pressure, and viscous relaxation time were determined and are
presented in Table 8.

Normally, a decrease in adiabatic compressibility indicates closed packing and de-
creased ionic repulsion. In the present study, the adiabatic compressibility for both systems
(Ethanol + 1-Hexanol and Ethanol + 1-Octanol) increases with an increase with the con-
centration of ethanol. This indicates that the molecules are loosely packed in the solution.
The adiabatic compressibility shows an inverse behaviour when compared to ultrasonic
velocity. This indicates that there is a significant interaction between the binary liquids. This
increasing trend suggests a moderate strong electrolytic nature in which the solutes tend to
attract the solvent molecules. The intermolecular free length shows a similar behaviour to
adiabatic compressibility. From Table 8, the free volume shows an increasing trend with
the increase in the concentration of ethanol. This may be compactness due to association
at a higher concentration [54]. This increasing trend is due to stronger intramolecular
interaction than intermolecular interaction which can be attributed to the loose packing
of molecules inside the shield, which suggests a weak molecular interaction in the com-
ponents of mixtures [55]. The internal pressure is a measure of cohesive forces between
the constituent molecules in liquids. It is also defined as the energy required to vaporize a
unit volume of a substance. The values of internal pressure increase with an increase in
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the mole fractions of ethanol. The value of internal pressure was found to be greater for
the Ethanol+1-hexanol than Ethanol+1-octanol liquid system. This suggests that there is a
strong interaction between the solute and solvent molecules or that there is an increase in
the extent of complexation with the increase in concentration [55]. The internal pressure
of a liquid reflects the molecular interaction. The dispersion of the ultrasonic speed of
sound in the binary system gives information about the characteristics of relaxation time
(T), which explains the cause of dispersion. The decreasing trend of relaxation time was
observed in the present case. It may be due to the structural changes occurring in the
mixtures resulting in the weakening of intermolecular forces [56].

Table 8. Molecular interaction properties of binary liquid systems of Ethanol + 1-Hexanol and Ethanol +
1-Octanol at 303.15 K.

Moletosien  Compreiilty @ Treelangin(ty (730 Whe(V) el tation ime
(x10~10 m?N-1) (x10~11 m) (7) (x10~12 5)
Ethanol + 1-Hexanol
0.00 7.537 5.696 2.201 6.723 3914
0.14 7.688 5.753 2.394 6.889 3.448
0.28 7.871 5.821 2.607 7.070 3.030
0.49 8.066 5.893 3.030 7.365 2410
0.64 8.490 6.046 3.347 7.718 2.046
0.77 8.865 6.178 3.605 8.081 1.783
0.87 9.159 6.279 3.891 8.390 1.562
0.95 9.702 6.463 4121 8.728 1.414
1.00 9.932 6.539 4.205 8.985 1.336
Ethanol + 1-Octanol
0.00 6.943 5.467 1.551 6.486 6.011
0.13 7.070 5.517 1.737 6.612 5.157
0.24 7.179 5.559 1.964 6.697 4410
0.33 7.290 5.602 2.155 6.804 3.889
0.55 7.740 5.773 2.480 7.349 3.015
0.70 8.121 5.913 2.951 7.675 2.348
0.81 8.739 6.134 3.313 8.056 1.967
0.89 9.296 6.326 3.649 8.423 1.688
0.96 9.678 6.455 4.060 8.691 1.446
1.00 9.932 6.539 4.205 8.985 1.336

3.5. Studies on Excess Parameters

In order to elucidate the nature of molecular interactions between the components
of the liquid mixtures, it is of considerable interest to study the excess parameters rather
than the actual values [57]. Non-ideal liquid mixtures show a significant deviation from
linearity in their physical behaviour with respect to the concentration, and temperature
interoperates with the presence of strong or weak interactions.

The excess values of BE, LfE, 1E and 7iE are recorded in Table 9. The positive excess values
represent the dispersion forces, while the negative values indicate the dipole-dipole interac-
tion, charge transfer interaction and hydrogen bonding between the unlike molecules [58].
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Table 9. Excess parameters of binary liquid systems of Ethanol + 1-Hexanol and Ethanol + 1-Octanol
at 303.15K [27].

o N R T R T
Ethanol + 1-Hexanol

0.00 0.000 0.000 0.000 0.000

0.14 —0.191 —0.063 —0.157 —0.096
0.28 —0.340 —0.112 —0.288 —0.158
0.49 —0.636 —0.213 —0.458 —0.248
0.64 —0.590 —0.193 —0.463 —0.205
0.77 —0.513 —0.166 —0.381 —0.148
0.87 —0.459 —0.149 —0.298 —0.110
0.95 —0.115 —0.036 —0.148 —0.044
1.00 0.000 0.000 0.000 0.000

Ethanol + 1-Octanol

0.00 0.000 0.000 0.000 0.000

0.13 —0.262 —0.090 —0.198 —0.245
0.24 —0.490 —0.168 —0.396 —0.465
0.33 —0.651 —0.223 —0.516 —0.561
0.55 —0.840 —0.282 —0.505 —0.435
0.70 —0.908 —0.302 —0.555 —0.400
0.81 —0.623 —0.201 —0.452 —0.259
0.89 —0.322 —0.100 —0.299 —0.139
0.96 —0.135 —0.041 —0.193 —0.076
1.00 0.000 0.000 0.000 0.000

Excess parameters have been calculated using the following relation:

AF = Aexp — Aiq

Aig =X A X
where A; represents any acoustical parameter and xi is the corresponding mole fraction.
The excess values of adiabatic compressibility, free length, internal pressure and
relaxation time were found to be negative in both systems (Ethanol + 1-Hexanol and
Ethanol + 1-Octanol). This indicates the presence of a strong interaction between the
components of the mixtures [59].

4. Conclusions

In this work, the experimental viscosity of ethanol-based binary liquid mixtures
(Ethanol + 1-hexanol and Ethanol + 1-octanol at 303.15 K) was compared with a value
predicted using various theoretical models. With regard to Ethanol + 1-hexanol binary
liquid system, it was found that the average percentage of deviation (APD) of viscosity is
more in the Hind and Bingham model and less in the Kendall and Monroe model. It was
therefore concluded that the Kendall and Monroe model is the most suitable theoretical
method for estimating viscosity for the Ethanol + 1-hexanol binary liquid system. Regarding
the results derived for the Ethanol + 1-octanol binary liquid system, it was observed that the
APD of n is more in the Hind model and Bingham model and less in the Gambrill model.
From the results, it was concluded that the Gambrill model is the most suitable theoretical
method for estimating the viscosity of the Ethanol + 1-octanol binary liquid system. Upon



Appl. Sci. 2023,13, 7475

12 of 14

References

comparing the experimental density of the binary liquid mixtures (Ethanol + 1-hexanol and
Ethanol + 1-octanol at 303.15 K) by applying various theoretical models, it was inferred
that the APD of the density predicted by the Mchaweh—Nasrifar-Mashfeghian model is
larger and is the least in the Reid model. It was concluded that the Reid et al. model is the
most suited to predict the density closest to the experimental results for both the binary
liquid systems. On comparing the experimental ultrasonic velocity through values derived
through various theoretical models of binary liquid mixtures (Ethanol + 1-hexanol and
Ethanol + 1-octanol) at 303.15 K, it was concluded that the APD of the ultrasonic velocity
for the Ethanol + 1-hexanol binary liquid system is the most in Rao’s specific velocity
relation and the least in Jungie’s relation, indicating the best suitability of Jungie’s relation
for estimating the ultrasonic velocity. On applying various theoretical models for the
Ethanol + 1-octanol binary liquid system, it was observed that the average percentage of
deviation of the ultrasonic velocity is the most in the Van Dael and Vangeel relation and the
least in Jungie’s relation. Hence, Jungie’s relation is the most suitable theoretical method
for estimating the ultrasonic velocity for the Ethanol + 1-octanol binary liquid system.

Variation in molecular interaction parameters with the molar concentration of ethanol
suggested the presence of specific solute—solvent interactions at a higher concentration,
and the effect of concentration was analysed. The calculated excess values and their signs
indicate the possible involvement of specific hydrogen-bonding interactions in the binary
mixture components. The results of the present study provide insights and inference on
knowing the best or most suited theoretical model that could predict the closest values
of thermo-acoustic parameters for ethanol-based binary liquid mixtures. Importantly, the
study informs the specific choice of theoretical model that could give the closest thermo-
acoustic property values for ethanol-based binary mixtures, having aliphatic linear chain
alcohols with varying numbers of carbons. The results achieved in this study into the
ultrasonic velocity, density and viscosity of ethanol-based binary liquid mixtures are
expected to justify the practical application of simple models to estimate the few important
properties involved in industrial applications.
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ABSTRACT:

The flow network design is one of the applications with the complex network to be
solved in many real-life applications. Generally, the network flow is modeled as a graph with
the capacity of the edge and workplace as nodes. The objective of flow network design is to
find the maximum flow value. This type of problem can be designed as a graph and many novel
models are applied to solve this type of flow problem. In this, a novel method is applied to
model the flow network as a linear programming design. The designed linear programming of
the flow network is solved using open software and the solution was checked with the existing

models of the flow network.

Keywords: Flow Network, Linear Programming, Start node, End node, Maximum flow,

and Objective.

I. INTRODUCTION

Networking deals with a great section of operation research. Many problems of our
daily life can be represented by the network model. There are four types of network model
shortest path model, minimum spanning tree model, maximal flow model, and minimum cost
capacity network model. The linear programming model is used in many varieties of complex
situations in a real-world application. The application of the linear programming model is wide
processed such as in business or economic situations where the existing resources are limited.
The problem there will be to make use of the available resources in such a way that to maximize

production or minimize the expenditure. These data can be formulated as linear programming
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models. The objective of the linear programming problem is to maximize the profit and
minimize the total cost. The LPP is to determine the values of the decision variables such that
all the constraints are satisfied and gives the maximum or minimum value for the objective
function. The maximum or minimum value of the objective function is called an Optimum
value. In this paper, we have worked on maximal flow. The objective of the maximal flow
problem is to find the maximum flow that can be sent from specified node source(s) to specified
node sink(t) through the edges of the network. The maximum flow asks for the largest amount
of flow that can be transported from one vertex (source) to another (sink). Originally the
maximal flow was invented by Fulkerson and Dantzig and solved by specializing in the simplex
method for the liner programming, and Ford and Fulkerson solved it by augmenting the path

algorithm.

The literature on network flow problems is extensive. In the mid of 1950, Air force
researchers T.E.Harris and F.S. Ross published a report studying the rail network that linked
the Soviet Union to its satellite countries in eastern Europe. In 1955, Lester R.Ford and Delbert
R.Fulkerson created the first known algorithm. Over the past fifty years, researchers have
improved several algorithms for solving maximal-flow problems. In this paper, we have
introduced to find the maximum network flow and formulated as a linear programming

problem (LPP), and then solved it using open-source software.

The augmenting path method is to gradually increase the flow until the flow gets its
maximum value. The increase in flow is done by increasing f: s to v of an out edge from (s, v)
or decreasing f: v to s of an in the edge from v to s, till the valid edges are used. This method
develops the feasibility approach to the terminating point t. With this, a way path through the
edges from the start point s to the terminal point t is generally known as augmenting path. The
graph N = (V, E) represents a network with a feasible path f: u to v, and c (f: u to v) is the
capacity of residual. The capacity of residual is generally givenasc (f:utov)=c:utov-f.u
to v + f: v to u. The capacity of residual is an additional path of the network that travels from

u to v internodes.

The network flow model is a directed type graph structure G, with the edges
representing flow value through the path. The maximum capacity c: u to v exists for all edges
u to v. The initial node without any input capacity is known as the source node and it’s

represented by s. The terminal node without any output capacity is known as the sink node and
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it’s represented by t. Evaluating the maximum flow capacity using feasible flow through

network flow is generally known as a maximum flow problem.

n. GENERAL NETWORK FLOW MODEL APPLICATION

The network flow models are generally applied in real-world applications such as road
laying networks, railway networks, commodity transport networks, and many more fields. Let

us now see some of it

A. Project Selection

Considering the project of installing of fiber network to overcome the need of the companies
of telecom to supply the high-speed network service in the accent of incoming revenue. This
type of project is designed as a network flow model and there are many methods to solve this

type of model but with many complications and complicity.

B. Transportation problem

The model of transportation of products and all verity of commodities from one or many
points to other places play an important place in real-world commitments. Generally, this type
of design is down as an optimization model, there exist many algorithms to solve the complicity
in this application model. The model of a flow network can be formulated and feasibility can

be got using many methods.

c. Assignment problem

A design of assigning the work is mostly stated as an assignment problem, which is applied
in many productions filed. This assignment model is designed as a network flow with
corresponding work units and the feasible path is obtained by this application of the flow
network model. The vital role of the assignment model is the traveling salesman problem in

the complicity to find a feasible route in the design content.

D. Maximum value flow

The model of a network with its direction represents the routes and the flow through it is
specified and detrainment of the maximum flow is the needed application in the real-world

situation.
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The model of network flow is also applied in many fields such as shortest path problem,
minimum cost flow problem, multi-commodity flows, extraction of web communities, image

segmentation, telecommunication wireless, and so on.

n. DESIGN METHODOLOGY TO FIND MAXIMUM FLOW IN NETWORK
MODEL

To find a feasible flow network with an optimal solution, many algorithms are stated and
applied to solve the maximum flow problem. In this work, the basic concepts of the maximum
flow problem and its design is discussed and the solution for it was made using open-source

software and compared with the existing algorithms.

Step 1: The graphical design of the maximum flow problem is considered.

Step 2: The problem is designed as a linear programming model of the flow network.
Step 3: By giving the input as linear programming in the software the program is run.

Step 4: The output of the flow network is displayed in the description box of the software.

Iv. DESIGN OF MAXIMUM FLOW NETWORK MODEL AS LINEAR PROGRAMMING
MODEL

Let us consider a project which contains 6 nodes connected with 10 edges with the flow

capacity of the network given as the table value
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A. Table Flow Table

TABLE |I. FLow TABLE

Begin node

Terminating

node

Flow

Capacity

1

16

13

10

13

4

14

8

20

7

Al W WO N NP | O O

Ol W O N & | W N DN

4

B. Network representation of the flow network is as follows

Fig. 1. Network flow
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C. The design of the linear programming model of the flow network is as

The objective function is to find the maximum flow of the network the objective is to
maximize, that is as follows:

Maximize Z = x; + x,

The first set of constraints is derived from the flow value of the network as follows:
X1 < 16,XZ < 13,X3 < 10,
Xy <12 ,x5 <4 ,x < 14,

X7 <9,x3 <20,x9<7,x19< 4.

The second set of constraint is derived from the incoming and outgoing flow value of
each node, the start node and the terminal node are made idle the constraints are as follows:
X1+ x5 = %3+ x4
Xy + X3 + X7 = X5 + Xg
X4+ X9 = X7 + Xg

x6 = X9 + x10

The network flow is now designed as a linear programming model, which is as
follows:
Maximize Z = x; + x,
Subject to
x; <16,x, <13,x3 < 10,
Xy <12 ,x5 <4 ,x6 < 14,
X7 <9,x3 <20,x9g<7,x10< 4.
X1+ X5 = X3+ x4
Xy + X3+ X7 = x5 + Xg
X4+ X9 = X7 + Xg

x6 == .X'9 +x10
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D. The designed model of linear programming is given as input values in open-source

software as follows:

In [2]: # Maximum Flow Problen

p = MixedIntegerlinearProgran(maxinization=True,
solver = "GLPK")

X = p.new variable(nonnegative=True)

.set objective(x[1]x[2])

.add constraint(x
.add_constraint(x
.add_constraint(x
.add_constraint(x
.add_constraint(x
.add_constraint(x
.add_constraint(x
.add constraint(x
.add_constraint(x

L= I = [y v By s [y ws Iy wn B s [y s iy s i

W o~ O b Ah WK

.add_constraint(x
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-x[4],max=0)
-X[5]-x[6],max=0)
-x[8],max=0)
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E. The solution is represented in the output box as follows

Maximization:
X 0+ x 1

Constraints:
X 0 <=16.0
X 1<=13.0
X 2 <=10.0
x 3 <=12.0
X 4 <=4.0
X 5 <=14.0
X 6 <= 9.0
x 1 <= 20.0
X 8 <=7.0
X 9<=4.0

X0 -x2-x3+x4<=0.0

X1+ x2-x4-x54+x6<0.0
X3 -xb6-x7+x8<=0.0
X5-%x8-x9<0.0

Variables:
x 0 1s
x 1 1s
X 2 1s
X 3 1s
x 4 1s
X 5 1s
x 6 1s
X 7 1s
x B 1s
x 9 1s

G Qo v Qo o o Qo G o Qo

The maximum flow value of the given network is as 23 units.
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V. CONCLUSION

Solving maximum flow problem plays an important role in many of the application
fields. Finding an optical flow was done using many algorithms and the feasibility is reached.
Here we have studied the existing algorithms and solved the problem using open-source
software. Evaluation of the maximum flow network is done using open-source software and
the results are given. By using open-source software, the time conception of evaluation is

minimized.
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If a random walk on a countable infinite state space is reversible, there are known necessary and sufficient
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Introduction

A random walk {N, P = [p(a,b)]} where N is a countable infinite state space and P =
= [p(a,b)] is a matrix of a transition probabilities {p(a, )} is recurrent if the walk starting at
a state e returns to e infinitely often. If the random walk is reversible (that is, there exists a
function ¢(z) > 0 such that ¢(a)p(a,b) = ¢(b)p(a,b) for any pair of states a, b) then there
are known necessary and sufficient conditions for the random walk to be recurrent, proved by
using methods from normed spaces. But when the random walk is not reversible, these methods
are not of use. Many problems in a random walk are solved by considering it as a reversible
Markov chain. We show that the reversible condition can be ignored by using potential theoretic
techniques for some random walk problems. Many authors have investigated random walks in
an infinite network using the Laplace operator, recall S. McGuinness [1], V. Anandam [2, 3],
K. Abodayeh, V. Anandam [4, 5], C.St.J. A. Nash-Williams [6], T. Lyons [7], W. Woess [8],
J.M. Cohen et al. [9], F. Colonna, M. Tjani [10], J. M. Cohen et al. [11]. In [6], Nash—Williams
explained a random walk on an electrical network with the help of probabilistic methods.

Later in [7], T. Lyons studied the Royden criterion in Riemann surfaces, giving a necessary and
sufficient condition for a reversible countable state Markov chain to be transient. V. Anandam [2]
studied random walks in an infinite network without reversible conditions and proved the Nash—
Williams criterion by using potential theoretic methods. In [12], V. Anandam and M. Damlakhi
studied these potential theoretic methods in finite networks with the help of perturbed Laplace
operators. K. Abodayeh, V. Anandam in [13, 14] investigated Schrodinger networks and their
Cartesian product and supersolutions of discrete Schrodinger equations. In [15], N. Nathiya,
Ch. Amulya Smyrna studied the developments of infinite Schrodinger networks in the Euclidean
spaces. In [16], V. Anandam studied recurrent or transient random walk on an infinite tree with the
help of reversibility condition and transition probabilities matrix. Whereas in this article, we have
developed the potential theoretic methods without the condition of reversibility. With the help
of this condition, we have studied the potential theoretic methods on infinite random walks. For
example, among other results, it is shown that the random walk {N, P = [p(a, b)]}, reversible or
not, is recurrent if in the associated infinite network { NV, p(a, b)} there exists a function v(a) > 0
outside a finite set such that (1 — p)v(a) > 0 and r}l—{go v(a) = oo, or if every function s(a) > 0

on N such that (1 — p)s(a) > 0 is constant, by making extensive use of Dirichlet solutions and
balayage.
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120 A-functions on recurrent random walks

§ 1. Infinite network

In this section, an abridged version of potential theory on infinite graphs, relevant to the
study of random walks, is given. It is mainly taken from [3]. Let N be an infinite graph with
a countable infinite number of vertices and countable number of edges. If a and b are two
vertices joined by an edge, say that a and b are neighbours denoted by a ~ b. The graph is
connected if for any two vertices a and b, there exists a path {a = ag, a1, ...,a, = b}, a; ~ a; 41
for0 <i<n-—1;ifa=band n > 3 in this path, say that there is a self-loop at the vertex a; say
that the graph is locally-finite if every vertex has only a finite number of neighbours. A collection
of real numbers ¢(a,b) > 0 defines a set of transition indices {¢(a, b)} on the graph, provide that
t(a,b) > 0 if and only if @ ~ b, t(a,b) and t(b,a) need not have the same value. An infinite
graph N that is connected, locally finite, without self-loops and provided with a set of transition
indices {t(a, b)} is here referred to as an infinite network { N, t(a,b)}.

Let A be a subset of N. A vertex a € A is an interior vertex of A if all the neighbours b ~ a

are also in A. Let A denote the collection of all the interior vertices of A, the set 0A = A\ A is
referred to as the boundary of A. If u(a) is a real-valued function on A, the Laplacian at a vertex
a € A is defined as Au(a) = > t(a,b) [u(b) — u(a)]. A real-valued function u(a) on A is said

b~a
to be upper A-function on A if Au(a) < 0 at every vertex a € A and lower A-function on A if

Au(a) > 0 at every vertex a € ;1, and A-function on A if it is both upper A-function and lower
A-function on A. A non-negative upper A-function p(a) on A is called a basis function if it has
the following property: for any lower A-function v(a) on A such that v(a) < p(a), one should
have v(a) > 0.

§2. Some properties of upper A-functions

1. If u,(a) is a sequence of upper A-functions on A and if u(a) = lim u,(a) exists and is

n—oo

real-valued, then u(a) is upper A-function on A, also Au(a) = lim Au,(a).

n—oo

2. If {v;(a)} is the family ¢ of all upper A-functions on A majorized by on upper A-func-
tion u(a) on A, then the family ¢ is upper-directed and h(a) = supv;(a) is a A-func-
¥

tion u(a) on A. It is easy to remark that p(a) = u(a) — h(a) is a basis function on A.
Consequently, one can assert: if u(a) is an upper A-function on A majorizing a lower
A-function then u(a) is the sum of a basis function p(a) on A and its greatest A-function
minorant h(a); this decomposition as the sum of a basis function and the greatest A-function
minorant is also unique. This is usually referred to as the Riesz decomposition.

3. Dirichlet solution: Many properties (like condenser principle, balayage, reduced func-
tions etc.) in the study of basis functions on an infinite network appear as solutions to
problems which are actually variations of a generalized Dirichlet problem. We shall refer
to the following result [3, Theorem 3.1.7] as a

Generalized Dirichlet solution: Let /' be a subset in the network { N, ¢(a,b)} and A C F.
Suppose f(a) is a real-valued function defined on F'//A such that v < f < u on F'//A where
u is an upper A-function on F' and v is a lower A-function on F. Then there exists a
function h(a) on F such that v < h < won F; h(a) = f(a) on F/A; and Au(a) = 0

at every vertex in A. Moreover, h can be so chosen that if A, is another such function on F
having these three properties, then h; < h. However if the set A contains only a finite
number of vertices, then the solution i (a) is uniquely determined.
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4. Reduced functions and balayage: Suppose s(a) > 0 is an upper A-function on a subset A
and £ C A. Let ¢ be the family of all the non-negative upper A-functions u(a) on A

which majorize s(a) on E. Then (RF(z)), = in{b u(a) is referred to as (the reduced
ue

function in the case of potential theory on topological spaces) the balayage of s(a) on E in
the subset A. We leave out A when it is the whole set V.

Note that v(a) = (R%(a)) , is a non-negative upper A-function on A such that v(a) < s(a)
on A; v(a) = s(a) on E; and Av(a) = 0 if a € A/E. If there exists a basis function p(a)
on A such that s(a) < p(a) on A, then v(a) is a basis function on A.

5. Parabolic and hyperbolic networks: In the study of lower A-functions, upper A-functions
in the Euclidean case, there is a marked difference between R? and R",n > 3, because
of the fact that any non-negative upper A-function in R? is constant (recall Liouville’s
Theorem) while non-constant positive upper A-functions exist in R”,n > 3 (recall the
Newtonian gravitational kernel in R®). However, there are many similarities also in these

1

two cases since the potential theory is based on the logarithmic kernel log Tl in R? while
1

la—b|*

in R? it is based on the Newtonian Kernel

To consider these two different cases in the context of an infinite network { N, ¢}, let us say
that it is a parabolic network if any non-negative upper A-function on N is constant and it is a
hyperbolic network if there are non-constant positive upper A-functions (and hence positive basis
functions) on N. There are various distinguishing properties to differentiate between these two
types of networks. One such is given now by using the Dirichlet solution.

Let e be a fixed vertex in N. Let {A,} be a sequence of finite sets such that e € A,

A, C jlnﬂ forn > 1and N = U,A,. Let h,(a) be the Dirichlet solution in A,, with boundary

values 1 at e and 0 on 0A,, then extended by 0 outside A,. Then {h,} is an increasing sequence

of bounded functions on N, 0 < h,(a) < 1. Let h(a) = lim h,(a). The function h = 1 if and
n—o0

only if V is a parabolic network. Otherwise it is hyperbolic; notice that in this case h(a) = R{(a).

§ 3. Random walks

A random walk {N, P = [p(a, b)]} behaves in some case (when the matrix P is irreducible)
similar to an infinite network { X, p(a, b)} with the restriction ) p(a, b)u(b). A real-valued func-

tion u(a) is said to be upper A-function if Pu(a) < u(a) for all a. If u(a) is a function such
that u(a) > —oo for all @ € N, Pu(a) < u(a) is finite at one vertex ¢, then u(a) is real-valued
on N and consequently upper A-function. For u(c) > Pu(c) implies that u(a) is real-valued for
all a ~ c; this leads to the conclusion that u(a) is real-valued on N since N is connected.

We write —A = (I — P). The infinite network { N, p(a, b)} associated with the random walk
{N, P} is referred to as a parabolic network if every positive upper A-function in {N,p(a,b)}
is constant; if there exists a non-A-function positive upper A-function on {N, p(a, b)}, then it is
referred to as a hyperbolic network.

Let us start with a time-homogeneous Markov chain that is a discrete-time stochastic pro-
cess {N,}, n = 0,1,2,..., where N,, takes values in the state space N with a countable in-
finite states [17]. For any two states a,b the transition probability from a to b is denoted by
p(a,b) = Prob{N; = b, Ny = a}. Thus, the set N with the transition numbers p(a, b) can be
considered as an infinite network in which a and b are neighbours if and only if p(a,b) > 0;
at this stage /N may or may not be a connected graph. Denote by P the infinite matrix of the
transition probabilities {p(a,b)}. In {V, p(a, )}, just as p(a, b) represents the probability that the
walker starting at the state b reaches the state a, p™(a, b) represents the probability that the walker
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starting at b reaches a in n steps. Actually p™(a, b) is the entry in the a'* column and the b row
of the matrix p". Take p° = I. Let us assume that given any two states a and b, there exist
integers m and n such that p"(a,b) > 0 and p"(b,a) > 0; in this case the matrix P is referred
to as irreducible. When P is irreducible, the infinite graph {N,p(a,b)} is actually connected
so that it is an infinite network in the earlier sense. When the matrix P is irreducible, we also
refer to {N, P} = {N, P = [p(a,b)]} as a random walk with the state space /N and the transition
probability matrix P determined by the process { N, }.

Definition 1. An irreducible Markov chain {N,} on N is said be recurrent if for each state a,
the chain returns to a infinitely often. That is, Prob { N,, = a for infinitely many n} = 1.

Since the transition probabilities matrix is assumed to be irreducible, then starting from
a state b the walker can reach any other state a in finite steps. Consequently certain variations in
the above definition can be proposed:

(i) suppose e is a fixed state and a is any other state; then {N,,} is recurrent if and only if the
walker starting from a reaches e infinitely often;

(i1) if the irreducible chain visits a state infinitely often, then it also visits every other state in
N infinitely often.

Definition 2. An irreducible Markov chain {N,} on N is called transient if it is not recurrent.
Thus, transient means that the chain visits any state only a finite number of times and then
wanders off to the state at infinity.

Thus, the division of random walks into two groups, recurrent and transient, depends on the
situation whether the Markov chain {/N,} returns to any starting state infinitely often or only
a finite number of times. This distinction is manifested in different forms in the classification
of random walks as shown below and we also interpret these results in the context of infinite
networks associated with the respective random walks.

The following passage up to the proof of Proposition 4 is mainly based on Lawler [17, Sec-
tion 2.2]. Fix a state e and assume that Vy; = e. Consider the random variable R which gives

m
the total number of visits to e including the initial visit. Write R = Y x {V, = e} where

n=0
X 1is the characteristic function. When the chain is recurrent, R is identically co. That is, if
m

R, = Z x {N, =e}, then R,, — oo when m — oo. Now the expectation is E(R,,) =

= Z Prob{N, =e} = Z p"(e, e). Hence in the case of recurrence Z p*(e,e) = oc.
Note that R < oo w1th probablhty 1 if the chain is transient. In thls case the expectation of R

is E(R) = [Z X {Nx _e}} :EOProb{Nn:e}:n;Op”(e,e).

Proposition 1. The Markov chain is transient if and only if Y p™(e,e) < oc.
n=0

o0

P ro o f From the above narrative, if ) p"(e,e) < oo then the chain cannot be recurrent. Con-
n=0

versely, assume that the chain is transient. That is, the chain {/N,} returns to e only a finite

number of times. Let ¢ be the probability of the first return of {N,} to e. Note that ¢ # 1
since the chain is transient: if ¢ = 1 then with probability 1 the chain always returns to e and by
continuing we see that the probability is 1 for the chain to returns to e infinitely often; that is the
chain is recurrent.
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In the case of transience, R = 1 if and only if the chain never returns to e, hence the probability
is 1 — ¢; and R = m if and only if the chain returns (m — 1) times and does not return for the

m!" time, hence the probability is ¢~ !(1 — ¢q). Consequently, E(R) = Y. m-Prob{R =m} =
m=1

= > mlg™ (1 —q)] = 1T1q < 00. Comparing this with the earlier expression for F(R) in the
m=1

case of transience, we conclude that the Markov chain is transient if and only if

Zp"(e,e) < 0. O
n=0

Remark 1. For any state ¢, the walker can reach e from c in a finite number of steps. Thus, the
nature of transience does not depend on the choice of the initially fixed state e. Consequently,

the Markov chain {N,} is transient if and only if >  p™(c,¢) < oo for any state c. Instead of
n=0

the circuit probabilities like p"(c, c), we shall now take up the consideration of p"(a,b) which
is the probability that the walker starting at the state N reaches the state b in n steps. For this,
it is easier to consider { N, P = [p(a, b)]} either as a random walk or an infinite network as the
occasion demands.

Writing p"(a, b) as pj'(a), remark that

Plpp(a)] =Y pla,o)pi(c) =Y pla,c)p”(c,b) = p"(a,b) = p; ' (a),

since pj(a) denotes the probability that the walker starting from the state a reaches the state b in
o

n steps, then the expression Gy(a) = > pj(a) represents the expected number of visits to the
n=0

state b starting from the state a.

Proposition 2. If the random walk {N, P = [p(a,b)|} is transient, then the infinite network
{N,p(a,b)} associated with it is hyperbolic.

Proof We shall actually show that Gy(a) is the Green basis function on the network
{N, p(a,b)} with A-function support at {b}.

Choose a vertex b in the network N. If Gy(a) = > pi(a), then P [Gy(a)] = > pp(a) <
n=0 n=1

< Gy(a) so that Gy(a) is a positive upper A-function in the network { N, p(a, b)}.

The function Gy (a) is actually a basis function. For that note that when G (a) is real-valued,
we can write Gy(a) — P [Gy(a)] = dy(a) which is the column vector with entry 1 when b = «
and 0 in other entries. Consequently, —A [Gy(a)] = 0y(a).

If h > 0 is a A-function such that h(a) < Gy(a), then we have h(a) = P™h(a) <

< P™[Gy(a)] = > py(a) which tends to 0 when m — oo; this shows that h = 0. Hence

n=m
Gyp(a) is a basis function which in this case is the Green basis function having {b} as its A-func-
tion support. 0

Remark 2. The above theorem can be reformulated: A random walk {N, P = [p(a,b)]} is re-
current if the associated infinite network {N,p(a,b)} is parabolic. Conversely, if the Markov
chain is reversible, then the parabolicity of the network implies that the random walk is re-
current. (“Reversible” means that there exists a real-valued function ¢(a) > 0 such that
¢(a)p(a,b) = @(b)p(b,a) for any two states a,b.) This converse can be deduced [2, Theo-
rem 3.3] from McGuinness [1, p. 90]. See the very important papers of Nash-Williams [6] and
Lyons [7] in this context.
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§ 4. Infinite trees

A connected graph is called a tree if there is no cycle in it, that is there is no closed path
{ay,as,...,a,,a;} with n > 3. Thus, in an infinite tree 7', if a, b are any two vertices then there
exists a unique path connecting a to b. Suppose a random walk {7, P = [p(a,b)]} is defined in
the infinite tree 7.

Fix a vertex e in 7. Then for any a in T, if {e,a1,as,...,a, = a} is the unique path
connecting e to a, write ¢(a) = p(;’i‘:ﬂ)ﬁ ((Zif”f)af_(ff’;(iiﬂ Note that if b ~ a, then ¢(a)p(a,b) =

= ¢(b)p(b,a). Hence {T, P} is reversible, which leads to the conclusion: The random walk
{T, P = [p(a,b)]} on the infinite tree 7 is recurrent if and only if the associated network
{T,p(a,b)} is parabolic.

Proposition 3. Let {N, P = [p(a,b)]} be a random walk. Suppose there exists a function v
defined outside a finite set A in N such that (I — P)v(a) > 0 at every a € N/A and lim v(a) =
a—ro0

= oo. Then the random walk is recurrent.

P r o o f. With the existence of such a function v(a), the network { N, p(a, b)} has to be parabolic.
Otherwise, for each vertex b € N there exists the Green basis function Gy(a) which is bounded
and (I — P)Gy(a) = dp(a). Choose a large finite set F, Fy O A. Let h be the Dirichlet solution
on E with boundary values v on JF. Let v; be the function on N such that v; = h on E and
v; = v on (N/E). Define for a € N, va(a) = vi(a) + > AV1(D)Gp(a).
beOE

Then for a € 82?, (I — P)vy(a) = 0; for a € (N/E), (I — P)vi(a) > 0; for a € OF,
(I —P)va(a) = (I — P)vi(a)+ (—)(I — P)vy(a) = 0. Thus, (I — P)ve(a) > 0 on N. Now Gp(a)
is bounded on N, so that all)rgo v9(a) = oo. But this is not possible by the Minimum Principle

for vy. Consequently, the assumption that {NV, p(a,b)} is not parabolic is invalid. So the random
walk {N, P} is recurrent.

Let us consider now a random walk {T', P = [p(a, b)]} on an infinite tree 7. Fixing a vertex
e € T, let us measure distance from e. Remark that 7" is reversible and that for any a € T, |a| = n,
there is one neighbour a, |a| = n — 1; other neighbours b; are at a distance |b;| = n + 1. O

Proposition 4. Let {T, P = [p(a,b)|} be a random walk on an infinite tree. Measure distances
in T from a fixed vertex e. If p(a,a) > % for all a, then {T, P} is recurrent. If p(a,a) < 3, then
{T, P} is transient.

0]

Proof Consider the function f(n) = (+2)", 0 < a < 1, at any a, |a| = n > 1, we have

(I = P)f(n) = —[1 —2p(a,a)] 25} [%5]".

1. Suppose p(a,a) > 3 for all a. Then take 1 > o > 1. In this case %~ > 1. Hence
(I — P)f(n) > 0 outside e, and f(n) — oo at the point at infinity. Hence by Proposition 3,

{T, P} is recurrent.

2. Suppose p(a,a) < 3 for all a. Then take 0 < o < i. Hence (I — P)f(n) > 0. At
e (I —P)f(e) = — [t% —1] > 0. Hence f(n) is a positive upper A-function tending
to 0 at infinity, hence a basis function, so that {7', P} is transient. (Remark 2 following

Proposition 2.)

3. The case p(a,a) = 3: for the function s(a) = n when |a| =n > 1, (I — P)s(a) > 0;
moreover, s(a) — oco. Hence {7, P} is recurrent.
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Let {N, p(a,b)} be the infinite network associated with the random walk {N, P = [p(a,b)]}.
Let us recall the notion of reduced functions in the network [3]. If s(a) is a non-negative upper
A-function defined on a set £ and A is a subset in the interior E° of E, then [R{(a)] , = inf u(a)

uES

where  is the family of non-negative upper A-functions u(a) on E such that u(a) > s(a)
on A. UJ

Example 1. Let 7" be a homogeneous tree of degree 2 and the transition probability p(a,a) =
= 2L Consider a function s(a) = 27'*/%. Note that for any vertex a in T, |a| = n > 1. Here

|a| represents the distance between the root vertex.

Proof
As(a) e %[2-14—(71—1) _ 2—1+n] + %1[2—14—(71-1-1) _ 2—1+n]
— q+ 1 [2*1+n*1 _ 271+n] + q— 1 [271+n+1 _ 271+n]
2 2
1 —1
_4E Spgne _gorem) L U Lign _gten) < )
2 2
If p(a,a) > 1 for all a, then {T', P} is recurrent. If p(a,a) < 1, then {7, P} is transient. O

Lemma 1. Let E be a finite set e € E. Then [R$(a)| is the Dirichlet solution in E with boundary
values 1 at e and O at each vertex in OF.

Proof Let p(a) be the unique Dirichlet solution on E with boundary values 1 at e and 0
on OF. Then ¢(a) > [R{], on E. Since RS(a) is a non-negative upper A-function on E with
values 1 at e and 0 on OF, by the construction of the Dirichlet solution we have ¢(a) > [R(a)] .
This proves p(a) = [R$(a)|, on E. O

Lemma 2. Let e € E where E is a finite set. Then the probability that the walker starting at a

state a € E goes outside E before ever coming back to e is 1 — [R5 (a)] .

Proof Let ¢(a) be the probability that the walker starting at a reaches e before visiting any

state in OF. Then ¢(e) = 1, ¢(c) = 0 for ¢ € OF; moreover, for any a € E, we have ¢(a) =
= Y pla,b)p(b). This means (I — P)p(a) = 0. That is, ¢(a) is harmonic on E with boundary

b~a
values (e) =1, p(c) = 0 on OF. Hence by the above lemma 1, p(a) = [R{(a)],. This shows
that the walker starting at a € E goes outside E before ever coming to e with the probability
1—p(a) =1-[Ri(a)]p O

Theorem 1. In the random walk {N, P = [p(a,b)|}, the probability that the walker starting at
the state a goes off to infinity A without visiting e is 1 — ¢(a) = 1 — [R$(a)] which is defined with
reference to the associated network { N, p(a,b)}.

Proof Let {E,} be an increasing sequence of finite sets such that N = UFE,. For any
a in N, if a € E,, then [R{(a)], (which represents the reduced function with respect to the
finite set F,,) is defined for n > m and is an increasing sequence of upper A-functions. Since
[R{(a)],, < R{(a), then v(a) = sup [R{(a)], is an upper A-function on N and v(a) < Rf(a). On
the other hand, since v(a) is an upper A-function on N and v(e) = 1, we have v(a) > R also.
Thus, R$(a) = v(a) = lim [R{(a)],,.
n—oo

Now the probability that the walker starting at the state x and going off to infinity A without

visiting e is the limiting value of 1 — [R{(a)],, when n — oo which is 1 — R{(a). O
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Corollary 1. In the random walk { N, P = [p(a,b)]}, the probability that the walker starting at e,
after leaving e never returns to e is (I — P)R.

P ro o f. The probability (from the above Theorem 1) is

> pleb) [L=Ri(b)] =) _ple,b) [Ri(e) = R{(D)] = —A[R{(e)] = (I - P)Ri(e). O

bre b~e
Some remarks on the reduced function RS (a) in the infinite network { N, p(a,b)}.
1. The network NV is parabolic if and only if R{ =1 on V.
2. The network N is hyperbolic if and only if R{(a) is a basis function on .

3. Asin [3, Section 3.2], for each e; ~ e, denote by [e, ¢;] the subset [e, e;] = {a: there exists a
path joining a to e that passes through ¢;}; e; and e are assumed to be in [e, ¢;]. Note that
if e;, e; ate two neighbours of e, then either [e, e;] and [e, e;] are two subsets having e as the
only common vertex or [e, e;] = [e, e;]. The subset [e, ¢;] is called an S-domain if 0 is the
only bounded function h(a) on [e, ¢;] such that h(e) = 0 and —Ah(c) = (I — P)h(c) =0
for any ¢ # e. A subset [e, ¢;] is called a P-domain if it is not an S-domain. If a set [e, ;]
contains only a finite number of vertices, then it is necessarily an S-domain. The network
{N,p(a,b)} is parabolic if and only if all the subsets [e, ¢;] are S-domains. It is hyperbolic
if and only if at least one [e, ¢;] is a P-domain; in this case there may be other subsets that
are S-domains.

4. If the random walk {N, P = [p(a,b)]} is transient, it has been seen that G.(a) =

= > p"(a,e) represents the expected number of visits to the state e starting from the
n=0
state a. The function G.(a) can also be interpreted as the Green function in the hyper-

bolic network {N, p(a,b)} with A-function support at e. Now (see [3, Corollary 3.3.7]),
Ge(a) < Ge(e) for all @ € N in fact, Ge(a) = G.(e)R{(a).

5. It can also be mentioned that in the case of a transient random walk, if A is a finite set
in N, then R{* denotes the probability that the walker starting at the state a to reaches a
state in A before wandering off to infinity.
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1. Introduction

Potential theory on Euclidean spaces R™ has been developed in two different ways.
One, define the Dirichlet norm, the inner product and use Banach space-Hilbert space

* Corresponding author.

E-mail addresses: varadharaj.m219@Qgmail.com (V.R. Manivannan), vanandam@hotmail.com
(V. Anandam).

https://doi.org/10.1016/j.1aa.2023.09.029
0024-3795/© 2023 Elsevier Inc. All rights reserved.


https://doi.org/10.1016/j.laa.2023.09.029
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/laa
http://crossmark.crossref.org/dialog/?doi=10.1016/j.laa.2023.09.029&domain=pdf
mailto:varadharaj.m219@gmail.com
mailto:vanandam@hotmail.com
https://doi.org/10.1016/j.laa.2023.09.029

V.R. Manivannan, V. Anandam / Linear Algebra and its Applications 680 (2024) 208-219 209

techniques to introduce potential functions as projections, based on the Dirichlet Princi-
ple, see Deny [14]. The other way is to start with harmonic and superharmonic functions
(functions with mean-value and super mean-value properties), introduce the Harnack
property, Minimum principle and discuss the solutions to the Dirichlet problem which
leads to the notion of potentials as non-negative superharmonic functions having 0 as the
greatest harmonic minorant, see Bauer [5], Brelot [10] and Constantinescu and Cornea
[13].

When we discuss discrete potential theory in the context of finite or infinite weighted
graphs, the above dichotomy reappears. In the two cases of electrical networks, with
conductances on branches as weights and reversible random walks, with transition prob-
abilities as weights, a Dirichlet norm can be defined; in these cases the results are proved
as in the first development of classical potential theory mentioned above, see [3,8,16-18].
In the paper [12] of Carmona, Encinas and Mitjana, admissible potentials and effective
resistances on a finite weighted graph with symmetric conductances are considered by
using the Dirichlet principle and potential-theoretic methods as in the first development
mentioned above.

In this note, we leave out the symmetric conductances requirement and follow discrete
potential-theoretic methods suggested by the second development indicated above.

Consider an irreducible matrix which determines a finite network {X = {V, E}, t(x,y)}
made up of a finite graph X and a set of non-symmetric weights {¢(x,y)} on the edges
[z,y] : t(x,y) > 0,t(x,y) > 0 if and only if [x,y] is an edge, t(z,y) and ¢(y, z) need not be
the same. The combinatorial Laplacian £ is given by Lu(z) = > t(z,y)[u(z) —u(y)], y ~

Y~z
x,y € V;x € V; denoting that [z,y] is an edge. If ¢(x) is any real-valued function on
X, then by using Perron-Frobenius Theorem as in [2,4,7], ¢(z) = ¢ — L;(—S”),{(x) >0
for any x* € X; this representation is unique in the sense that c¢ is the smallest
eigenvalue of the matrix representing the perturbed Laplace operator L, defined by
Lou(x) = Lu(x)+@(x)u(x); and {(x) is the normalized eigenfunction with all its entries

positive, associated to ¢ and > &(z) = 1.

This suggests a natural clagsiﬁcation of the networks { X, ¢(x,y), p(z)} depending on
whether ¢ = 0, ¢ > 0 or ¢ < 0. We carry out this classification here, leading to an
appropriate function theory in each of these three cases. It is helpful to note that when
o(x) = A is a constant, the solutions of the Laplace (A = 0), the Schrodinger (A > 0)
and the Helmholtz (A < 0) operators respectively lay a foundation for our research in
developing three different function theories on {X,#(x,y), o(z)} based on the smallest
eigenvalue c of L.

2. Preliminaries
To emphasize the non-symmetry of the conductances, we shall use the writing

in the study of random walks. A finite perturbed random walk X, = {X =
{V,E},p(z,y),o(x)} consists of a finite graph X, a set {p(z,y)} is transition proba-
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bilities it satisfies that . p(z,y) = 1 for any = € X, and a function w(x) > 0 on the
yeX
states in X. We do not require the random walk to be reversible: that is, there may not

be any function w(z) > 0 such that w(z)p(z,y) = w(y)p(y, ) for any pair of states z, y.
The averaging operator A is defined as Au(z) =Y p(x,y)u(y) = (I — L)u(x), where L
y

is the combinatorial Laplacian operator of the finite network {X, p(z,y)}. Thus, if C(V)
is the family of real-valued functions on X, A : C(V) — C(V) is linear, Af > 0if f >0
and if f,, is a sequence in C(V) tending to f in C(V') then Af, — Af.

A real-valued function s(z) is said to be superharmonic (harmonic, subharmonic
respectively) if As(xz) < s(z), (As(z) = s(x), As(x) > s(z)respectively). For a real-
valued function p(x) on X, write Ayu(z) = Au(z) — ¢(z)u(z) and say that u(z) is
p-superharmonic if and only if Aj,u(xz) < 0. Thus, @-superharmonic is the same as

superharmonic when ¢ = 1. For any real-valued function f(z) on X, write f(x) =
[T (z)+ f~(z) where f*(z) = max(f(z),0) and f~(z) = —min(f(z),0). We define the
1 =zeckFE

dirac delta function on E C X, is, for any y € X, 0,(z) = 0 otherwise °
otherwise

Proposition 2.1. If u(x),v(x) are -superharmonic functions on X, then inf(u,v) also is
p-superharmonic.

Proof. Let s(z) = inf(u(z),v(z)). At a state z in X, suppose s(z) = u(z). Then,

Lemma 2.2. If s(x) > 0 is a p-superharmonic function on X such that s(z) = 0 for some
state z. Then s(x) =0 for all .

Proof. As(z) < ¢(2)s(z) =0, hence > p(z,y)s(y) = 0 so that s(y) = 0 for any y ~ z.
y~T

Then by connectedness of X, we find s =0. O

Proposition 2.3. Let f(z) be a real-valued function on X. Let § be the family of all

p-superharmonic functions s(x) on X such that s(z) > f(x). If there exists a pos-

itive @-superharmonic function v(z) on X, then § is non-empty and ings(x) is -
se

superharmonic.

Proof. Since v(z) > a > 0on X, if f(z) < 8 then f(z) < gv(x), hence the family is non-
empty. If s,(x) is a sequence of p-superharmonic function such that s(xz) = lim s, (x)

exists and is real-valued then it is easy to see that s(z) is y-superharmonic. Now, if
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u,v € §, then inf(u,v) € §. Hence § is a lower directed family of ¢-superharmonic
functions. Since X is finite we can extract a decreasing sequence s,(x) from § so that
ings(x) = lim s,,(x) for every x in X, which is ¢-superharmonic on X. O

se n

Proposition 2.4. Let s(z) be a p-superharmonic function on X. Let § be the family of
all p-subharmonic functions v(x) on X such that v(z) < s(x). If § is non-empty, then

h(z) = supv(x) is @-harmonic on X. Moreover, if ' is any w-harmonic function such
vEF
that h' < s, then h’ < h.

Proof. With obvious changes, from Proposition 2.3, we see that h(z) is a p-subharmonic
function. It remains to show that h(z) is ¢-harmonic on X. For that we use
the method known as the Poisson modification. Let z be any state in X. Then
o(z)h(z) < 3 p(z,y)h(y). Consider the function w(z) on X such that w(z) =

h(x) ifox#2
st Lz yhly) ifr =2z
at the state z since p(2)u(z) = > p(z,y)h(y) = > p(z,y)uly) = Au(z); and u(z) is

Y~z Y~z

p-subharmonic on X so that u € §. Consequently u(xz) = h(x) on X which means that

Then s(z) > u(x) > h(z) on X; u(x) is p-harmonic

h(z) is p-harmonic at © = z. Since the state z is chosen arbitrarily we conclude that
h(z) is p-harmonic on X . Suppose now k' is a ¢-harmonic function, A’ < s. Then b’ € §
sothat h <hon X. O

Remark 1.

(1) In the above Proposition 2.4, the function h(x) is known as the greatest p-harmonic
minorant of s(x).

(2) ¢-potentials: A ¢-superharmonic function s(z) > 0 is termed a p-potential if and
only if its greatest ¢-harmonic minorant is 0.

(3) Riesz decomposition: Let h(z) be the greatest p-harmonic minorant of a -
superharmonic function s(x) > 0. Then p(x) = s(z) — h(z) is a ¢-potential. Thus
s(x) = p(x) + h(x) which in the classical case is known as the Riesz decomposition
of s(x). This decomposition of s(z) as a ¢-potential and a non-negative ¢-harmonic
function is unique in the sense that if s(z) is the sum of any other p-potential p; ()
and a @-harmonic function h(z) then p(x) = pi(x) and h(x) = hy(x).

We can look at the operator A, as a perturbation of A. In fact, in a finite network
{X,c(z,y)} in which the conductances c(z,y) are symmetric, Carmona, Encinas and
Mitjana [11] consider the Schrodinger operator £, defined by £,(u) = L(u) + qu for any
u € X, where L is the combinatorial Laplacian operator and ¢ is a potential function on
X such that the Schrodinger operator £, is positive semidefinite. They investigate among
other nice results the relation between the lowest eigenvalue A of £, when A > 0 and
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the existence of g-superharmonic functions and g-harmonic functions; also the Dirichlet
Principle is invoked to obtain solutions to the Dirichlet-Poisson problem and to prove
the existence of the Green function on a subset of X. For similar considerations in a
symmetric infinite network, see Yamasaki [19].

In the present case where the conductances in {X,p(x,y), o(x)} are not necessarily
symmetric, we start with a unique representation for any real-valued function ¢(z), by
using the Perron-Frobenius Theorem in [15]: Let M = (m;;) be a positive matrix, that
is m;; > 0 for all entries. Then some of the important points of the Perron theorem are:

(1) If p is the spectral radius of “m”, then p > 0 is a simple eigenvalue of “m”, with an
associated eigenvector £(z) having all its entries positive.

(2) If A is any eigenvalue of m different from p, then || < p.

(3) Any eigenvector other than £(z) contains entries of different sign.

Frobenius extended the above results to the case when M is a non-negative matrix
that is irreducible also.

Let ¢(x) be a real-valued function. Define A,u(z) = Au(x) — ¢(x)u(z). The operator
Ay, when ¢ =1, > 1, < 1, generalizes the classical Laplace, Schrodinger, Helmholtz
operators respectively. Then for 8 > 0 large, the matrix representing A, 4 A1 has all
its entries non-negative. Hence (by Perron-Frobenius Theorem) there is the eigenvalue o
(largest in the sense that if A is any other eigenvalue then |A| < «) which is simple and
its associated eigenvector £(z) has all its entries positive. We fix £(z) uniquely with the
restriction ) &(x) = 1. (A, +BI)E(x) = a&(z). Hence A &(x) = ké(x), where k = a— 3;

x

that is A(x) — @(2)€é(z) = k&(x) so that p(z) = ’25((;)) — k.
Proposition 2.5. The constant k is the largest eigenvalue of A, in the sense that if o is
any other eigenvalue of A, then Re o < k.

Proof. Suppose A, pu(x) = opu(x). Then (B + Ay)u(z) = (8 + o)u(x). Since « is the
largest eigenvalue of I + A, by Perron-Frobinius, |8 + ¢ < «a. Hence 8 + Reoc =
Re(B+o)<|B+o|<a,sothat Rec<a—F=k O

3. Finite random walks and ¢-potentials
In this section, we consider ¢(x) = 25(53) —k, for any x € X, when k < 0. In this case

o(x) > Af(g) > 0. Since the largest eigenvalue k is negative, 0 is not an eigenvalue of

A, hence A, is invertible so that A, [h(z)] = 0 for any h(x) implies that h(z) = 0. This
means that there is no non-zero solution to the equation A,u(x) = 0.
However, since A, {(x) = A&(x) — LM - k} &(z) = k€(z) < 0, the function &(x) is

£(x)

a positive p-superharmonic function. Since there is no non-zero p-harmonic function on

X, the function £(x) > 0 is a ¢-potential on X. Remark also that any ¢-superharmonic
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function s on X is non-negative: because, for a large positive constant a, —s(z) < af(z);
here the left side is ¢-superharmonic and the right side a p-potential. Hence —s(z) <0
on X. In fact, every y-superharmonic function on X is a (p-potential.

Ap(z)
w(z)

Proposition 3.1. The largest eigenvalue k < 0 if and only if p(x) > for some

wu(z) > 0.

Ap(z)
w(z)

Proof. When k < 0, p(z) = 25&) _f > 25(53) On the other hand suppose ¢(z) >

for some p(z) > 0. Then

Ab@) | Ap()

@) "7 uw)
ke (@)u(w) < p(w) AL (x) — £(z) Ap(z)
=3 e y) @)E(y) — E@)ny)]

so called Doob transform,

= S st 5o - 0]
_; [%} ,

where £ is the combinatorial Laplacian of the finite network { X, #(x, y) = p(z, y)&(2)€(y)}-
Hence if we assume k > 0 then we should have £ [M} > 0 so that ’g((;)) is a constant A

£(z)
and 0 = L[\] > 0. This contradiction shows that k < 0. O

Proposition 3.2. For any real-valued function u(x) on X, Ayfu(x)] = f(x){—f[z((z))] +
k[%]}, where L is the combinatorial Laplacian of {X,t(z,y) = p(z,y) gggg}
Proof. B - At (z) ~
A lu(z)] = Au(z) { ) k} u(z)
=S st | g5 - 5| + o)
e[S ) [ul)  w@)] | ()
=& >{§p< e e~ 6 *k[w)]}
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Consequences:

(1) If p(x) is an L-potential, then p(z)&(x) is a @-potential.

Proof. Since k < 0, for any s(z) > 0,A,[s(z)] < —&(2)L [zgg} Take s(z) =

p(x)é(z). If v(x) > 0 is p-subharmonic, v(z) < s(x) then we show that v = 0
to conclude that s(z) is a p-potential. Now, 0 < A, [v(z)] < —&(z)L [v(w)} so that

&£(z)
2z) i £ subharmonic, majorized by 22 = p(z) which is an L-potential. Hence
iR J e
@) =0. O

—
[\

N
—

f A,[s(z)] =0, then s(z) = 0 for all z.

Proof. From the above Proposition 3.2, 0 = A,[s(x)] = §(m){fﬁ[zgg] + k[zg‘;;]}

Hence £ [ggg} =k [‘ggﬂ If zgg # 0, then it would mean that k£ < 0 is an real

eigenvalue of £, by the contradiction since all the eigenvalues of £ are non-negative.
Hence s=0. O

Green Function: Since A, is invertible, given any function f(z) on X, there exists a
unique solution u(z) such that A,[u(x)] = f(x), (Poisson equation). In particular, if we
take f(z) = —0,(x) where y is a fixed state, then there exists a unique function g, (z)
such that A,[g,(z)] = —0,(x). The @-superharmonic function g,(z) is known as the
Green function of {X, p(z,y), p(x)} with pole at the state y.

Proposition 3.3. When k < 0, any real-valued function f(x) on X is the difference of
two p-potentials on X.

Proof. Let s1(z) = Y [A,f(2)]Tg:(x) and sa(z) = D_[Ayf(2)] " g-(2). Then sq1(x), s2(x)
are two cp—potentials.ZWrite s(x) = sa(z) — s1(x). If h(z) = f(x) — s(x), then A [h(x)] =
A[f(2)]—[Apf(x)]” +[As f(2)]T = 0; since k < 0, then h = 0, leading to the conclusion
that f(z) is a difference of two -potentials. O

Lemma 3.4. Let F' be a proper subset of X. Let f(x) be a real-valued function on X \ F.
Then there exists a unique function s(z) on X such that Ay[s(xz)] = 0 for x € F and
s(x) = f(z) forx e X\ F.

Proof. Since {(z) > 0 is p-superharmonic on X, we can take a p-superharmonic function
F
u(z) > 0 on X such that u(x) > f(z) on X \ F. Let v(z) = {;Ei; onO;l(\F. Then
Aglv(x)] <0 for each o € F. Let § be the family of all functions v(z) on F such that
A, v(z)] <0 at every € F and v(z) = f(z) on X \ F. Let s(z) = ingv(m). Then (as
ve

in Proposition 2.4) A,[s(x)] = 0 at every x € F' and s(x) = f(z) on X \ F.
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To prove the uniqueness of solution, it is enough to show that if A [s(z)] = 0 on
F and s(z) =0 on X \ F, then s = 0 on X. By the construction given above, when
A,ls(xz)] =0 on F and s(z) = 0 on X \ F, we have obtained s(z) = srelgv(x), where
§ consists of functions v(z) such that Agv(z) < 0 on F and v(z) = 0 on X \ F. In
particular the function v = 0 on X is in § and hence s(z) < 0. Proceeding similarly,
since Ay[—s(z)] = 0 on F and —s(z) = 0 on X \ F, then —s(z) < 0. Consequently
s=0. O

Theorem 3.5 (Dirichlet-Poisson). Let F' be a subset of X. Let u(z) and ¥(x) be two
functions defined on F and X \ F respectively. Then there exists a unique function s(x)
on X such that Ay[s(x)] = p(z) on F and s(x) = (x) on X \ F.

Proof. When F' = X or ¢, the theorem can be interpreted accordingly. Let u(z) =

> w(2)gz(x), where g,(x) is the Green function with pole at z. Then u(z) is a function
zeF

on X such that Ag[u(x)] = —p(x) when x € F and Ag[u(x)] = 0 when z € X \ F,
assuming F' is a proper subset of X. Let f(z) = u(z) + ¢(z) when z € X \ F. Then
by Lemma 3.4 above, there exists a unique function v(z) on X such that A,[v(z)] =0
on F and v(z) = f(x) on X \ F. Let s(z) = v(z) — u(z) on X. Then on F, A,[s(z)] =
Aylv(x)] —Aplu(z)] = 04+p(x) and on X\ F, s(z) = f(z) —u(z) = (). The uniqueness
of the solution s(x) is seen as before. O

Remark 2. In a finite network {X, c(z,y)} with symmetric conductances, let Lou(x) =
Lu(x) + q(x)u(z), where g(x) > 0 and £ is the combinatorial Laplacian. Bendito,
Carmona, Encinas [6], using the Equilibrium Measures have studied boundary value
problems and symmetric Green functions including the Dirichlet-Poisson problem and
have given various applications.

4. Finite random walks without @-potentials

In this section, we have some properties of finite random walks when k£ = 0. From

u(z)

the previous section, we have in this case A,[u(z)] = —£(x)L [f(w)

} for any real-valued

function u(z) on X. Consequently,

(1) The constant A is an eigenvalue of A, with associated eigenfunction p(z) if and only

if —\ is an eigenvalue of £ with associated eigenfunction ’gg; .

Proof. A,[u(z)] = \u(z) if and only if £ [gg)} - [“((x))} 0

(2) Any g-superharmonic function on X is proportional to £(x).

Proof. Suppose A,u(z) < 0. Then L {%} > 0, hence % is a constant. O
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Theorem 4.1. If F is a proper subset of X and u(x),v(z) are two real-valued functions
on X such that u(z) > v(x) on F and Ayu(z) < Ayv(z) on X\ F, then u(z) > v(x) on
X.

Proof. Since A, [u(z)] = —&(2)L {Z((;c))} from the assumptions we have f(( )) > gg ; on F
and 7 {Z((;C))} 7 [U z } on X \ F. Hence [1, Theorem 2.2.3], % > zgg on X, proving
the theorem. O

Since A, [u(x)] = —&(2)L [“(x))] like in the above theorem, many of the properties of

A, can be proved by using the properties of L as given in [1, Section 2.2]. For example:

(1) If F is a proper subset of X, u(z) > 0 on F' and A,[u(z)] < 0 on X \ F, then
uw(xz) > 0 on X. As a result, u(z) = 0 on F and Ayu(z) =0 on X \ F would imply
that v =0 on X.

(2) (Dirichlet-Poisson) Let F' be a proper subset of X and f(z),g(x) two real-valued
functions on F' and X \ F respectively. Then there exists a unique function u(z) on
X such that Ag[u(x)] = f(z) on F and u(x) = g(z) on X \ F.

(3) (Green function on F') For any y in the proper subset F' of X, there exists a unique
function G}'(x) > 0 on X such that A, [Gg(x)} = —dy(z) on F and G} (z) =0 on
X\ F.

(4) (Equilibrium Principle) See Bendito, Carmona, Encinas [6] for a similar result defin-
ing the Equilibrium measures in a finite network with symmetric conductances: Let
F be a proper subset of X. Then given f > 0 on F', there exists a unique function
u(z) > 0 on X such that A u(z) = —f(z) on F and u = 0 on X \ F. Moreover if
f>0thenu>0on F.

(5) (Condenser Principle) Let A and B be two non-empty disjoint subsets of X. Let
F = X\ (AU B) # ¢. Then there exists a unique function v(z) on X such that
0 < () < £(x) on X,

v(z) =0 and Agv(z)]>0 if zeA,
v(z) =¢&(x) and Agfv(x)] <0 if ze€B,
and Ayfv(z)] =0 if zePF.

5. The case when the greatest eigenvalue is positive

(1) There is no positive -superharmonic function on X.
Proof. Suppose v(z) > 0 and A, v(z) < 0. Then

0> Av(z) — p(x)v(z)
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= Av(z) — {fﬁg) - k} (@)

—k&(x)v(x) > £(z)Av(x) — v(z)AL(x)
= &(@) Y _p(x,y)o(y) —o(@) > p(x,y)Ey)

Y

=Y p(z,y)E@)o(y) — v(@)E(y)]

Now consider the finite network {X,¢(x,y)} where t(z,y) = p(x,y)€(x)€(y). If the

combinatorial Laplacian operator of this network is £, then we have —L [”(m <

()] =
—k&(x)v(z) < 0 so that zgfg is a constant A and we should have 0 = £ [%} <0,
a contradiction. So, we conclude that there is no positive p-superharmonic function

on X,ifk>0. O

—
[E——

Lemma 5.1. The constant X is an eigenvalue of A, with associated eigenfunction s(x) if

and only if (k — \) is an eigenvalue of L with associated eigenfunction {M} where L

&(x)
is the combinatorial Laplacian operator in the finite network {X,t(z,y) = %p(m, y)}.
Proof.

If Ags(xz) = As(x),then

Ag(z)
§(x)

As(z) — [ - k] s(z) = As(z)

Hence, if s(z) is an eigenfunction associated to the eigenvalue A of A, then [%} is an

eigenfunction associated to the eigenvalue (k — A) of L. To prove the converse, reverse
the argument. 0O

Consequences: Since the real part of any non-zero eigenvalue of Lis positive, the constant
k may or may not be an eigenvalue of L.

(a) Suppose k is not an eigenvalue of L.
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(1)
(2)
3)

Then 0 is not an eigenvalue of A,. Hence there is no non-zero solution for the
equation Ag,u(z) = 0.

(Poisson) The matrix A, is invertible. Hence for any real-valued function f(x)
on X, there is a unique solution u(x) such that A [u(z)] = f(x).

(Logarithmic kernel) In particular, for any fixed state y in X there exists a
unique function g, (z) such that A,[gy(x)] = —d, (). This function g,(z) cannot
be non-negative (as in the case of the logarithmic potential in R?).

(b) Suppose k is an eigenvalue of L.

(1)

Note that k is an eigenvalue of £ if and only if non-zero A,— solutions exist on
X.

Proof. By the Lemma 5.1, k is an eigenvalue of £ if and only if 0 is an eigenvalue
of A, if and only if there exists a non-zero function h(x) such that A,[h(x)] =
0. O

If s(x) is an eigenfunction associated to k (for the operator £), then u(x) =
s(x)&(z) is a solution to the equation A, u(x)] = 0.

Proof. If L[s(x)] = ks(z), then A,[s(z)é(z)] = —&(x)L[s(x)] + ké(x)s(z) =
0. O

Any non-zero solution u(x) of the equation A,[u(z)] = 0 has both positive and
negative entries.

Proof. This can be seen from the properties of the eigenfunctions associated
to non-zero eigenvalues of the combinatorial Laplacian operator, see Biyikoglu,
Leydold, Stadler [9]. Alternately we can prove it as follows: Suppose A, [u(x)] =

0. Then Au(z) = @(x)u(x). A simplification as before gives £ [ (x)] k {“ég)}
u(z)

Hence if all the entries of u(z) are of the same sign, then £ [ $)] is positive or

negative. Hence u(x) = A¢(z) for some constant A, leading to the contradiction
A €(x)) =0when k>0. DO

Remark 3. From the above results, we have the following;:

£(2) (z)

(1) For any x, k + ¢(x) > o > 0. For, p(z) = Ablz) = XZp(alc,y)M — k.
y

(2) There exists a function p(x) > 0 such that A, [u(z)] <0 if and only if £ < 0.
(3) If ¢(2) < 0 for some state z, then there is no function p(z) > 0 such that A, [p(x)] <
0, that is there is no positive p-superharmonic function on X.
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